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1. Overview

A number of physically and mathematically significant nonlinear evolution equa-
tions are associated with a pair of linear problems, a linear eigenvalue problem and
an auxiliary problem, such that the given evolution equation results as the compat-
ibility condition between them. The Cauchy problem for the nonlinear system is
then solved via the so-called Inverse Scattering Transform (IST) technique.

The solution of the initial value problem of a nonlinear evolution equation by
IST proceeds in three steps, as follows:

1. the direct problem — the transformation of the initial data from the original
“physical” variables (g (x, 0)) to the transformed “scattering” variables (S (k, 0));

2. time dependence — the evolution of the transformed data often according to
simple, explicitly solvable evolution equations (i.e., finding S(k, t));

3. the inverse problem — the recovery of the evolved solution in the original vari-
ables (g (x, t)) from the evolved solution in the transformed variables (S(k, t)).

However, even though this approach has been widely and extensively applied to
a large number of nonlinear integrable equations (including the nonlinear Schrédin-
ger systems considered in the present work), for many equations a rigorous analysis
of both the scattering map ¢ — S and the inverse map is still not totally developed.
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Forward Integral Equation
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Figure 1. Scheme of the inverse scattering transform.

Therefore it is unclear under what conditions these integrable systems are really
“solvable”.

A satisfactory treatment of scattering and inverse scattering for a given spectral
problem should aim for the following:

(i) to formulate a notion of scattering data S which is meaningful for (essentially)
all reasonable potentials ¢ in a given functional class, such as, for instance,
q € Li(R);
(i1) to show that the map ¢ — S is injective;
(iii) to show that for (essentially) each set of data satisfying appropriate constraints
there is a corresponding ¢ (i.e., that the inverse map is well-defined).

In the setting of the classical Schrodinger operator these issues are discussed,
for instance, in (Faddeev, 1963 and 1967; Agranovic and Marchenko, 1963; Lev-
itan and Sargsjan, 1975; Chadan and Sabatier, 1977; Deift and Trubowitz, 1979;
Levitan, 1980; Marchenko, 1986; Melin, 1985).

In the present paper we face these issues for the scalar nonlinear Schrodinger
equation. The paper reviews most of the known results and techniques, as well as
incorporating some new ones, in a comprehensive, unified framework. In a forth-
coming publication we plan to address the same problems for the vector/matrix
nonlinear Schrodinger equations and also for integrable discretizations of both the
scalar and vector systems.

2. Introduction

The scalar nonlinear Schrodinger (NLS) equation
iq: = qxx £2lgIq. @1
where ¢ = g (x, t), results from the coupled pair of nonlinear evolution equations

iqr = Gxx — quz, (2.2a)
—ir = ey — 277 (2.2b)

if we let r = F¢™*, where * denotes complex conjugate.
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The system (2.2a)—(2.2b) can be written as the compatibility condition between
the following two linear problems (Lax pair):

_( ik ¢
Uy = ( r ik ) v, (2.3a)

sometimes referred to as AKNS (or ZS) spectral problem, and

2ik? +igr —2kq —ig;
o= ( —2kr +ir,  —2ik* —igr ) o (2.35)
where v is a 2-component vector, v(x, t) = (v (x, 1), v (x, 1))T. In (2.32)—~(2.3b),
k € Cis a (spectral) parameter and under the isospectral hypothesis (i.e., assuming
k is time independent) the compatibility condition v,; = v, yields the nonlinear
system of Equations (2.2a)—(2.2b).
It is convenient to write (2.3a) in the compact form

vy = (ikJ + Q)v, (2.4)

where

(-1 0 ~ (0 ¢
J_<O 1), Q_<r 0). 2.5)

In the forthcoming sections we shall see how one can construct a theory for
both the direct and inverse problems of the operator (2.4). These issues have been
addressed in, for example, the important work of (Beals and Coifman, 1984, 1985),
who have considered general matrix one-dimensional problems. Their approach to
the inverse problem employs singular integral equations that follow from Riemann—
Hilbert problems. A somewhat inconvenient byproduct of this formulation is, how-
ever, that there is not quite an overlap between the conditions required for the
inverse problem and those used in the inverse side, unless the potentials are in
the Schwartz class. Here we study Gel’fand—Levitan—-Marchenko equations of the
inverse problem which allows one to proceed somewhat further.

In this paper we shall show how to any integrable potential of the system (2.4)
corresponds data F(x) and an eigenfunction K (x, -) which are in L[x, oo) for all
x € R (direct problem). Reciprocally, given data F'(x) in L;[x, co) for all x € R,
there exists a solution K (x, -) to the equations of the inverse problem which is also
in L[x, oo) for all x € R (inverse problem); however, to guarantee that the poten-
tial recovered by this procedure is also in L;[x, co) for all x € R somewhat more
stringent conditions on the data are required (see Section 4.4). See, again, Faddeev
(1963, 1967), Agranovich and Marchenko (1963), Levitan and Sargsjan (1975),
Deift and Trubowitz (1979), Levitan (1980) and Marchenko (1986) regarding this
controversial point for the classical Schrodinger operator.
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3. Direct Problem

In the sequel we shall address the study of the spectral properies of the operator
(2.4) under the assumption g, r € Li(R). This is termed the direct problem.

3.1. SUMMARY OF THE RESULTS OF THE DIRECT PROBLEM

(a) If g, r € L1(R), one can define eigenfunctions of (2.4) (cf. (3.2), (3.3))

Y (x, k) Nii(x, k)

Yor(x, k) )7\ Nai(x, k)
which are analytic functions of the spectral parameter k = kg + ik; for kiy < O
(and continuous for k; < 0) and

Yia(x, k) Nia(x, k)
Yoo (x, k) )7\ Naa(x, k)
which are analytic for k; > 0 (and continuous for k; > 0) (these results are

proved, with all details, for instance, in (Ablowitz et al., 2004)). Also, such
eigenfunctions are bounded by

[N (x, ©) < To(2/ Q) R(x) ), [N2i (x, )| < Q(0) I (2v/ Q(¥) R (x) ),
IN(x, D)< RO (2¢/ Q) R(x) ), |Nn(x, k)| < Io(2v/ Q) R(x) ),

where

Q<x>=/ g1 dy, R(x)=/ r()] dy

and I is the Oth order modified Bessel function (cf., for instance, Ablowitz
and Segur, 1981).

(b) The eigenfunctions v;; (x, k) admit triangular representations with correspond-
ing kernels Kj;(x, z) (cf. (3.13)). If g, r € L1(R) then Kj;(x, z) € Loo(R,) ®
Li(R;) (see (3.20) in Prop. 2) and if g, r € L1 (R) N Lo (R) then K;;(x, z) €
Lo(R,) ® Li(R,) and also Kj;(x, z) € Lo(R?), i.e., they are bounded with
respect to both variables (see (3.21), Prop. 2).

(c) One can introduce scattering data a(k), b(k), p(k) etc. (see (3.35), (3.36),
(3.37)) for all potentials in L (R). Using the results of (b) (and a generalization
of Wiener’s theorem, cf. App. A), one can then show that if ¢, r € L{(R),
then:

(cl) b(k), for k € R, is the Fourier transform of an L;-function (cf. Prop. 3);
(c2) (a(k) — 1), for k € R, is the Fourier transform of an L-function
(cf. Prop. 4);
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(c3) if, in addition, |a(k)| > O (which always holds for the defocusing NLS,
Equation (2.1) with the — sign, i.e. the system (2.2a)—(2.2b) with r = g*
(cf. (3.43))), then p(k), k € R, is the Fourier transform of an L-function
(cf. Theorem 1);

(c4) for the focusing NLS (Equation (2.1) with the + sign, corresponding to
r = —q%), a small norm condition on the potentials is required in order
to get the same result as in (c3) (cf. Corollary 1).

3.2. EIGENFUNCTIONS

If the potentials ¢, r are decaying as |x| — oo, eigenfunctions of the scattering
problem (2.4), i.e., solutions of the differential equations

(8 — ikJ)Yy; — QY); =0, 1, j=1,2 (3.1
with J; = —1, J, = 1, are defined through the integral equations
. m B ~
Wi (x, k) = 8;e ik — / e (Qyr)y;(z, k) dz, (3.2)
o0 'x -
Ny e, k) = 8 — / I QN ), (2, k) dz, (33)
where
Wi (x, k) = Nij(x, k)e' it (3.4)

Column-wise, the vectors

v o Yux, k) | Y(x, k)
vir ) = (wﬂ(x,k) ) vixk) = <1//22(x,k))

are such that
T 1 —ikx 0 ikx
Yx, k) ~ 0 e , Yx, k)~ 1 e, x —> 400

and therefore they are a set of linearly independent solutions of the second-order
system (2.4). Note that one can also introduce “left” eigenfunctions

d(x, k) ~ ((l))e_”"‘, d(x, k) ~ (?)e"’“, X — —00

which constitute a second set of linearly independent solutions of the scattering
problem and

_(ou@h o (P k)
el = <¢21(x,k) ) P = (qbzz(x,k))
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satisfy the integral equations

d; (x. ) = 8,67 + / KD Q) (2, k) dz, (3.5)

My (x, k) = & + / e U= IDk=2( QM) (2, k) dz, (3.6)
where

b1 (x, k) = My, (x, k)e' i~ (3.7)

The study of the convergence of the Neumann series for the Volterra inte-
gral equations (3.3) (cf., for instance, Ablowitz et al., 2004 for detailed calcu-
lations) yields that if the potentials g, r € L;(R), then Nyj(x, k), Npi(x, k) (and
Y11 (x, k), ¥o1(x, k)) are analytic functions of k on the lower half k-plane and
continuous up to the real axis, Nix(x, k), Ny (x, k) (and ¥r12(x, k), ¥ (x, k)) are
analytic on the upper half k-plane and continuous up to the real axis.

Also, under the same assumption on the potentials, one can show by iteration
that the eigenfunctions satisfy the bounds

INu(x, k)| < Io(2y/ Q) R(x) ),
IN2 (x, k)| < RO)Io(2/ Q()R(x)), ki <0, (3.8)

where I is the Oth order modified Bessel function

nevi =3 =
and
0(x) = / Ty, RG) = / " iroldy. (3.9)
Indeed, from (3.3) it follows that for any k with k; < 0
N B < 1+/x°° 19 (IINar (2. 1) dz. (3.10)
Nai (e B < /xoo|r<z>| N . k)l dz. (3.11)

Hence, iteration yields

IN(x, k)| < 1+/ dZ|Q(Z)|/ dy [r(WIINu(y, k)

< 1+/ dzlq(z)I/ dy [r(y)| +

+/ dz ICI(Z)If dyl”(Y)I/ dz; |61(Z1)|/ dyi [r(y)l+---
X z y 21
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and, taking into account that each integral is a decreasing function of the lower
limit of integration, we have

Vi Bl < 1+/ &z |q<z>|/ dy ()] +

+ [/ dz Iq(z)I/ dz; |4(Z1)|] X
X [/ dylr(y)l/ dy |7’(y1)|] +ee

One can then show by induction that for any j € N and for any f € L;(R)

1 00 00 J
— N dE| d
j!/x |f<5)|[fS &) s] :
1 © 4 00 Jj+1
= — — N dE’ d
<j+1>!/x dé[/s & 5} :

1 00 j+1
=(j+1)![/ If(S)Idé} .

Hence it follows that

(QWRW)*  (QWRG) |
(2hH? 23
with O, R defined in (3.9), i.e., one obtains the first of (3.8). Substituting this bound

into (3.11) yields the second of (3.8).
One can obtain similar bounds for Ny, Ny, namely

[Nn(x, k)| < Io(2y/ Q) R(x) ),
IN(x, B < Q)2 Q)R(x) ),k = 0. (3.12)

To study the direct problem in a rigorous way we shall need a new set of func-
tions as follows. We introduce the 2 x 2 matrix K(x, z) = [Kj;(x, 2)]; j=1,» via the
“triangular” representation for the eigenfunctions v;;

INu(x, b <14+ Q()R(x) +

o0
Y (x, k) = 8¢ +f MK (x,2)dz, z 2 x, (3.13)
X
where Kj;(x, z) is identically zero for z < x and column-wise
- Kii(x, 2) Kip(x, 2)
K = K = . 3.14

The importance of these objects is that all dependence on the spectral parameter
has been encoded in terms of an exponential factor. This will be critical to establish
integrability of the scattering data.
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PROPOSITION 1. The kernels K;; of the triangular representations (3.13) satisfy
the following integral equations

~ (x+zZ
Kj(x,z) = __Qll( ) / 0;iMKp(y, x —y +2)dy, (3.15)

Ky(x,z) = —/ 0Ky, y —x +2)dy, (3.16)

wherel =1,2,1 =141 mod2 and Q ;7 are the off-diagonal elements of the matrix
potential Q introduced in (2.5), i.e., say,

KinGr,2) = —f dKn (. y — x +2)dy, (3.17)
1 (x+z2 5
KZ](X»Z)=_§r( 2 )—/ rMKn(y,x —y+z2)dy. (3.18)

Proof. Comparing the integral equations (3.2) for the eigenfunctions and the
triangular representations (3.13)

f e MK (x, ) dz = _f e 0, (2) Y (2, k) dz

and direct substitution of (3.13) in the right-hand side shows that
o0 .
f e:ijzKlj(x’Z) dz
X

&) oo
=— / dze’J’k(xZ)Qu(z)|:81je”sz+ / eIV K (2, y) dyi|. (3.19)
X Z

The right-hand side in (3.19) is the sum of two terms. As to the first term, taking
into account that J; = —Jj, by changing variables one gets

) . ' B 1 ) . B
= _/ dz MO Qs = = / dze" 0y (x erz)‘sij-
X X

For the second term in the square bracket:

o ifl # j (hence J; = —J; and j = 1) one has, by first changing variables to
7' =z, ¥ = y — x 4+ z and then exchanging the integrals

o] 00 X ~
1= — / dz / dy e 0 (2) K (2, y)
X Z

00 00 . .
= —/ dz’/ dy' e 0Ky @y +x — 2)
X 27/ —x
v+t

— / dy// dz/ eijjky Q”‘(Z/)K['j (Z/, y/ +x— Z/),
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o ifl = j(hence J; = J; and also [ # j), settingz’ = zand y) =x —z + y
1= [ [ a0k )
— _/ dz/f dy/ezijy Q,,‘(z/)K;j(z/, y/ — x4+ Z/)-
X X -
Therefore, from (3.19) it follows that forl # j (= j =1)

< 1~ (x+z il
/ dze ’ka[Ku'(x, 7))+ 5Q1[(T) + / dy QM Kp(y,z+x — y)] =0
X X

andforl = j (= j #1)
/ dze'/ike |:K11(X, z) +/ dy Qi () K (y,z —x + y)i| =0. O

PROPOSITION 2. [f the potentials q,r € L{(R), then the integral equations
(3.15)—(3.16) have a solution K;;(x, z) which is identically zero for z < x and
Kjj(x,2) € Lo(Ry) @ Li(R,), i.e., such that

o o0
sup/ |Kjj(x,2)|dz = sup/ |K;j(x, z)|dz < o0. (3.20)

xeR J —o0 xeR

If the potentials q,r € L1(R) N Lo (R), then the above integral equations have a
solution K;j(x, z) in both Loo(R;) ® L1(R;) and Lo (R?), i.e., (3.20) holds, and
also
sup | Ky (x, 2)| = supsup |K;; (x, 2)] < . (3.21)
x,zeR xeR z2>x

Proof. We use Picard’s method. Define recursively K l.(;l)(x, z) to be identically
zero for z < x and for z > x via

K3 (x,2) = —%r(x ;Z) (3.22)

K (x,2) =— fooq(y)Kz(P(y, y—x+2z)dy (3.23)
and

KV, 2) = - fxoo gKS (v, y —x +2)dy, (3.24)

x+z

1 (x+z k2
K5, ) = —7( 5 ) —/ rNKP(y,x —y+2)dy.  (3.25)
X

Let us introduce

oo = [ kPt = [P ool (3.26)
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Note that here and in the following, when the limits of integration are omitted, it is
intended that the integral runs over the whole R, i.e. from —oo to +o00. From the
integral equation (3.25) we have

o (x) = f KD (x, )] dz

/|r(x)|dx+fdz/ Ty rMIKP (x — y +2)]

<

= /|r(x)|dx+/x°°dy/:xdz|r<y)||1<<"><y x—y+2)|

- /|r<x)|dx+/oodyfoodz’||r<y>||l<<"><y,z>|

< / Pl dx + / el () dy. (3.27)

Note that in order to get the equality in the second line we exchanged the order
of integration and took into account that for z < x the kernels K;; are identically
zero, then we performed the change of variables 7/ = x — y + z.

Similarly, from (3.24) one obtains

o (x) /|K<"><x Ildz < /dzf aOIED (v, y — x + 2] dy

/ dy |q(y>|fdz|1<<”><y y—x+2)|
= / lg (g3} (v) dy. (3.28)

In their turn, (3.27) and (3.28) imply

o) < el + / dy |r(y)| / dz 19(2)|ps (2)
so that iteration yields
¢ (1) = lim o () < 7l o (2v/ Q)R (x) ). (3.29)

It follows that there exists a function K éfo) (x, z) such that the sequence Kz(’]’)(x, 2)

is convergent towards Kécfo)(x,z) with respect to the norm (3.20) of
oo(Rx) ® Ll(Rz):

n—oo

SUP/ K52 (x, ) dz < rlliTo (2171 llg ).

lim sup/ 1K (x, 2) — K39 (x, 2)| dz = 0,
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Likewise, by substituting into (3.28) one obtains
¢ (@) = lim 97 () < I QW) 1(2V/QIR() ). (3.30)

One can prove similar results for the kernels K5, K.

As to the second part of the proposition, we only need to prove that if, in
addition, g,r € Ly (R), the kernels K;;(x, z) are bounded with respect to both
variables. Define

mj(x) = sup |K;j(x, 2)|. (3.31)
zeR

Then from (3.17) it follows

) < sup/ lgIKSY (v, y — x +2)| dy

Zz X

o0
</ 4O sup KLY (v, =+ )l dy
X

< f g () dy. (332)

Similarly, from (3.18) it follows

X+z

(n+1) 1 E (n)
751 (x) < =|Irlleo + sup lrWIK (v, x —y+2)|dy
Z X

2
1 > (n)
< 5||V||oo—|-sup [rWIK, (v, x —y+2)|dy
Z X

1 o0 "
< 5||r||oo+/ P sup K 5x = y 4+ 01 dy

1 > (n)
< 5”7‘”00 + [r ()|, (v) dy.
X

Thus, taking into account (3.32) we have

i () < —||r||oo f dy |r(y)| / lg(2) |37 (2) dz

and iteration yields

7100

(00)
() < >

Ih(2v/ Q)R (x))

so that the sequence K (x z) is convergent towards K, (°°) (x,2) = K1 (x, 2) and
its norm satisfies

7l
sup [Kzi(x, 2)| < 20010(2\/ 7l llg ) O

x,zeR
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3.3. SCATTERING DATA

The eigenfunctions with fixed boundary conditions as x — Fo0 (;; and ¢;;, re-
spectively) are two sets of linearly independent solutions of the second-orderscattering
problem (see, for instance, Ablowitz et al., 2004), hence the two sets are linearly
dependent from each other. The coefficients of these linear combinations depend
onk

Gy k) = D sV, k), L j=1,2 (3.33)

m=1,2
or
(¢, 9) = (W, ¥)S
with S(k) = (S,‘j (k))i’jzl’z and
si(k) =ak), sk =bk),
so1(k) =bk),  snlk) =ak).

The relations (3.33) hold for any & such that all four eigenfunctions exist. In partic-
ular, they hold on the real k-axis where the scattering matrix S is unimodular, i.e.,
the scattering coefficients satisfy the following unitarity relation

a(kya(k) — b(k)b(k) = 1. (3.34)

From the integral equations (3.2) for the eigenfunctions one also obtains integral
representations for the scattering coefficients (note that in Ablowitz et al., 2004
we wrote down integral representations in terms of the ¢’s.) More precisely, one
has

ak)y =1 —/ efikyr(y)‘/flz(y’ k)dy,

atky=1- f e®q ()Y (v, k) dy, (3.35)
b(k) = / e r(yY(y, k) dy,
B(k) = f Mg ()Y, ) dy. (3.36)

As part of the scattering data, one then introduces the reflection coefficients via the

relations

b(k) _ b(k)

—, p(k) = —.

a(k) a(k)
The scattering problem may include proper eigenvalues. A proper eigenvalue,

k; = &;+in;,in the upper k-plane (i.e., n; > 0) occurs precisely where a(k;) = 0.

(k) = (3.37)
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Because the eigenvalues, k;, are the zeroes of a(k), they correspond to the poles
(in k) of p;(x, k) = M;;(x, k)a~' (k) (in the region k; > 0). For each simple pole
we have

Res{u;; kj} = C;e* " Nia(x, k;), (3.38)

where the last equality defines the “norming constant”, C;, corresponding to the
eigenvalue k;. Similarly, the eigenvalues in the region k; < 0, denoted k j, are
the zeroes of a(k) and one has the analogue definition for the associated norming
constants C_'.,‘ as residues of fi; (x, k) = Mj»(x, k)a~' (k).

Finally, we observe that the symmetry in the potentials ¢, r

r(x) = Fq*(x) (3.39)

induces a symmetry in the eigenfunctions

1//ll(-xv k) = 1/’;2()5, k*)7 le (x? k) = :F‘/ﬁ*z(x’ k*)v
¢ll(x9k) = ¢§2(~ka*)v ¢21(x’k) = :F¢T2(x7k*)

which, in their turn, induce a symmetry in the scattering data, namely

ak) = a*(k"), b(k) = Fb*(k*) (3.40)
and

p(k) = Fp* (k). (3.41)

As a consequence, the eigenvalues appear in complex-conjugate pairs k; and
k;j = k7 and one can show that the norming constants satisfy the condition

C;= :|:C;‘f.
Finally, we remark that (3.34) on the real axis becomes

la(k)? £ [b(R)1* = 1.
Hence, in the focusing case (r = —g™)

la))>=1—|bk)>* <1, keR (3.42)
while for the de-focusing NLS (r = g*)

la(k))> = 1+ |bk)|>, k eR. (3.43)

Besides, in this case the associated scattering problem is formally self-adjoint,
hence its spectrum lies on the real axis, it follows that no eigenvalues exist for
the de-focusing NLS when the potentials ¢, r € L{(R).
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PROPOSITION 3. Suppose the potentials q,r € Li(R). Then there exists a func-
tion b(x) € L1(R) such that the following representation holds

o0

b(k) = e M h(y) dy. (3.44)
Proof. Inser?iﬁg (3.13) into the first of (3.36) yields

00 ) 00 o0 .
/ e_zlkyr(y) dy + / dy/ dz C_’k(y‘"Z)r(y)K”(y, Z)
_ —o0 y

o0

1 * —ikx X = * —ikx
= = e (3 dx + dy dxe ™™ r(MKiu(y,x —y)

2 —0o0 9] 2y

1 [ _.4 X o0 2 "
= —f e | = dX+f dX/ dye "™ r(MKu(y,x —y)
2 —00 2 —00 —00

hence the representation (3.44) “formally” follows with

b(k)

. 1 3
b(x) = 5”(%) + /_Oor(y)Kn(y’x —y)dy.

Note next that

/|z3(x)|dx < /|r<x>|dx+/dz/§ FOIKN (2 — )| dy

/IF(X)IdX+/dyf dz |r(WIK 1 (y, z — )l
2y

/|r<x)|dx+fdy|r<y)|fyoodz/|1<u<y,z/)|
< [reiacs [aron [ aiKkio.o)
= [rwiex+ [

= [rwia+ g,

where ¢ (x) = (pﬁ’o) (x). Then, from (3.30) we get

/IZQ(X)Idx < (U4 Irihllg i Zo(2v/Ir gl ) ) Ir

proving that b € L,(R). m

PROPOSITION 4. Suppose the potentials q,r € Li(R). Then there exists a func-
tion a(x) € L{(R) such that the following representation holds

atk) — 1= — /Ooefkya(y) dy. (3.45)
0
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Proof. Inserting (3.13) into (3.35) yields

atk)y—1 = —f dye”‘yr(y)/ dze* K5 (y, z)
- y

[e.e]

o0 oo i
= —/ dy / dz e Vr(y»)Kin(y, 2)
—00 )7

o0 o0 .
= —/ dy/ dz' e r(MKnG, 7 +)
—00 0

and then the representation (3.45) follows with

a(x) 2/ r(MKp(y,x +y)dy.

[e¢]

Note next that
/I&(X)Idx < / dX/ lrWIK12(y, x + y)|dy

o0
S/ IrMlg) dy < Irlliliglhilo(2yIrlliglh ),

o0

where we used (3.26), ¢12(x) = (pl(zo) (x) and the bound for ¢, analogous to (3.29).
This result shows that indeed a € L{(R). O

THEOREM 1. Suppose the potentials q,r € L,(R) and that
latk)] > 0, VkeR. (3.46)

Then the reflection coefficient introduced in (3.37) is such that

p(k) = f e R(y) dy, (3.47)
where R (x) € Li(R). Further, if the potentials are bounded, so is Ié(x). A similar
result holds for p (k).

Proof. Set

bk) _ b(k)

atk)y — 1+ack)’
a(k) is the Fourier transform of an integrable function (cf. Prop. 4) and
(if |a(k)| > 0) then it maps R onto D = C — {—1}, where f(z) = (1/1+z) is

holomorphic. Hence, a modification of Wiener’s theorem (see App. A) shows
that there exists a function i(x) € L{(R) such that

pk) = ak) =a(k) — 1.

o0

_ @) = / e (y) dy. (3.48)

—0o0

1+ak)
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It also follows that
R(x) = /E(x — h(y)dy € Li(R) (3.49)

and hence (by Lemma 3 in the Appendix) that

_ | i p b
R(k) =/e YR(y)dy = fETe (3.50)
Thus
p(k) = R(k) = / e R(y) dy, (3.51)

where R(x) € L;(R). Similarly, one can show that R(x) € L{(R) N Lo (R) if
q,r € Li(R) N Lo(R). O

COROLLARY 1. Defocusing case. Suppose the potentials q, r are in L1(R) and
that r = q* (defocusing case). Then

1 [ . ! .
Foo =5 [ p@eas—i Yo et (3:52)
. 2
is in Li(R) and
pk) = / T e EG) dy. (3.53)

Proof Indeed, as pointed out, this symmetry implies that |a(k)|> =
|b(k)|> + 1 > 1 for any k € R and hence (3.46) is satisfied. As commented earlier,
there are no eigenvalues in the defocusing case for decaying potentials. Thus, the
sum in (3.52) is void which implies

pk) = f e M F(y)dy (3.54)
and hence ﬁ(y) = F(y). O

COROLLARY 2. Small norm case. Suppose the potentials q, r are in L(R) with
small norm

I hliglh Zo(2v/IIr gl ) < 1.

Then F (x) (defined in (3.52)) is in L1(R) and (3.53) holds.
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Proof. Using Prop. 4 we have

11— la(®)]] < lak) — 1] <[ a1 dy < lIrlhllghifo(2v/lIr gl ) < 1
0

which implies that |a(k)| > O for any k € C. This implies, first, that there are
no eigenvalues and hence that p(y) = F(y). It also follows that condition (3.46)
is satisfied and hence p(x) = R(x) isin L{(R). O

Remark (General focusing case). When r = —g™* and the potentials have small
norm in the sense of the last corollary, then (3.47) holds. Otherwise, there is no
guarantee that this is the case. In spite of this one has the following: a (k) is analytic
on the upper half plane and continuous on the real axis, and tends to 1 as k — 0.
Hence, generically, zeros of a(k) are denumerable and cannot accumulate towards
the real axis.

4. Inverse Problem

When the potentials are integrable, and hence eigenfunctions exist, taking the
Fourier transforms of Equations (3.33) and using the triangular representations
(3.13) gives that the following relationship between K (x, y) and F(x) holds:

k(x,y)+(?)F(X+y)+[ Kx,)F(s+y)ds=0, y=>x, (41)

K(x,y)+<(1))13(x+y)+f K(x,)F(s+y)ds=0, y>x, (42)

where K and K are two-component vectors. Alternatively, given data F(x) these
equations can be thought of as linear integral equations from which the 2 x 2 matrix
in (3.14), and hence the eigenfunctions (3.13), are recovered. In this interpretation,
(4.1)—(4.2) constitute the Gel’fand-Levitan—-Marchenko (GLM) equations of the
inverse problem whose aim is the reconstruction of eigenfunctions of the scattering
problem in terms of the (spectral) data given by (3.52), i.e.

1 [ 4 J .
F) = / pE)e* ds —i Y Ciet 4.3)
oo =
and
) 1 [ _ o
F(x) = o f p(E)e 5% dE + i che*lkfx (4.4)
oo =

and, finally, of the potentials via

g(x) = —2KP(x, x), r(x) = —2K®(x, x), 4.5)
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where K and K for j = 1,2 denote the jth component of the vectors K and
K respectively. )
In (4.3)-(4.4), kj, k; are the discrete eigenvalues (corresponding to the

zeros of a(k) and a(k), respectively, cf. (3.35)), {k;=&;+in;, n; >O}JJ.:1,

{lgj = §j +inj,n; < O}{:l, {Cj}jj'=1’ {(_fj}jj._:1 the associated norming constants,
and p, p the reflection coefficients (cf. (3.37)).
In terms of the 2 x 2 matrix in (3.14)

K(x,y) = [Kij(x, Ml j=12 = (K(x, y), K(x, )

_ (KDY, y) KD, y)
— K%, y) K@, y)

the integral equations (4.1)—(4.2) of the inverse problem can be written as
o
Kij(x,y) + 81 Fj(x +y) + / Kijr1(x,s)Fi(y +s)ds =0, (4.6)
X

where i, j = 1,2 and j + 1 is intended mod 2,
Fi(x) = F(x), F>(x) = F(x). 4.7

Note that the symmetries in the scattering data

(i) plk) = Fp*(k) for k € R (cf. (3.41)),
(i) J = J and k; :k;"cf' ::FC;‘.‘forj =1,...,J,
(iii) F(x) = FF*(x), or

Fy(x) = FF(x) (4.8)
correspond, from the direct side, to the reduction » = F¢* in the potentials.
Moreover, the following characterization relation holds
L£[p®I =la®)|?, keR 4.9)

p (k) is the reflection coefficient, 1/a(k) is also called the transmission coefficient
of the associated scattering problem.

4.1. SUMMARY OF THE RESULTS OF THE INVERSE PROBLEM

In this section we study the solvability of the GLM equations (4.1)—(4.2) given the

data F = (5.

F
For a givezn x € Rand p > 1 we will consider the spaces L ,[x, 00)

Lytr.o0) = B = (915 ) 181, < o0,
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where we define the norm || T I, as

||$||gz Z/ |¢;(5)|” ds. (4.10)

j=12Y%

Suppose that for all x € R, 7 = (g) is in L{[x, 0c0) and, also, that F»(x) =

FF(x) (which corresponds to potentials satisfying g(x) = Fr*(x)). Then we
shall prove the following results.

(i) The integral operator €2, (cf. (4.11)) defining the GLM equations (4.6) is a
compact operator from L[x, 00), Ly[x, 00) and Ly [x, 0c0) onto themselves
(cf. Theorems 2, 3); more generally, for any p > 1, 2, is a compact operator
on L,[x, 00).

(i) The homogeneous GLM equations admit no nontrivial solutions in either
Li[x, o0) or Ly[x, 00) for all x € R (cf. Theorem 4).

(iii) The solution Kj;(x,-) to the GLM equations (4.6) exists and is unique in
Ly[x, oo) for all x € R (note that this is a direct consequence of the Fredholm
alternative, cf. Theorem 5 and (i) and (i1)).

(iv) If, in addition, F Ly[x, 00) for all x € R, then for all x € R the solution
K;j(x, -) to the GLM equations exists and is unique in L;[x, 00) U L,[x, 00)
and, hence, it belongs to L[x, 00) N L;[x, 0o) (cf. Theorem 5).

4.2. COMPACTNESS

For a given x € R consider the following operator €2,, which associates to

T = (i;) the 2-component vector €2,

(@B _(([TF @) ¢ dy
2B @)= ((Qx3(z))z) B (fxoo F(z+y) ¢1(y)dy
Qx3(z) =0, z<x.

), z=2x, (4.11)

THEOREM 2. Assume 7 = (2) isin Li[x, 00) Vx € R. Then Q, maps L;[x, 00)
onto itself and is a compact operator on this space.
Proof. Let R > x. Consider

> / (B ()] dz
R

Jj=12

Ezf“’

j=12"YR

2
dz, (4.12)

/ Fiv1(z+y)¢;(y)dy

where, as before, j + 1 is intended mod 2. For each of the two terms in the sum in
the right-hand side we have

/dz
R

2

/ Fii1(z+y)g;(y)dy
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</ dz/ dy [Fjt1(z + y)9;(»)]
R X

:/R dz/ dy VTFrm G+ IVIFm G+ 016;01]

and using Schwartz inequality we get
o
/ dz
R
o o o
</ dz{f IFj+1(Z+y)Idy/ |Fj+l(Z+S)”¢j(s)|2ds}
R X X

</ dZ(SuP/ |Fj+1(y)|dy>(/ |Fj+1(Z+S)||¢j(S)|2dS>-
R z2R Jx+z x

Since the integral is a monotonically decreasing function of the lower limit of
integration

fdz

R

</ IFj+1(y)|dyf dZ/ |Fjs1(z + 9)llp;(s)]* ds
R-+x R X

=/ IFj+1(Y)|de dS|¢j(S)|2</ |Fj+1(Z+S)|dZ)
R+x X R

<f IFj+1(y)|dy/ ds|¢j(s)|2/ |Fj+1(2)]dz
R X R+s

+x

o0 o0 o0
< / Fr ()] dy f ds |¢,-<s>|2<sup / F1(2)] dz)
R+x X s>x J R+s

00 2 00
=(/ |Fj+1(y>|dy) / 16, (5) ds. “.13)
R+x x

Hence, from (4.12) and (4.13) it follows

3 /R (@.F ), de

2

/ Fiti(z+y)¢;(y)dy

2

/ Fii1(z+y)g;(y)dy

j=1.2
00 2 00
< Z( / |F,-+1(y>|dy> [ / |¢,,(s>|2ds}
j=1,2 R+x X
oo 2
< Z[(/ |Fj+1<y>|dy) ]n@u%. (4.14)
j=1,2 R+x

First, let us take R = x. Then

[ee) 2
12 B3 < IIB 3 Z(/Q |Fj<y)|dy) < o0 (4.15)

j=1,2 3
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it © € L,[x, 0o) under the assumption that F € Lq[x,00) for all x € R. This
means that 2, maps L;[x, 0o) onto itself.
Let now B, be the “unit ball” in L,[x, 00), i.e.,

B, =B € Lolx, 00) : B[, < 1}
Then using the bound (4.14)

lim  sup Zf (2B (2)),1%dz
R

R—o0
€8, j=1.2
00 2
< Rlim ( sup |I8||§ Z / |Fj(y)|dJ’)
— 00 3€$X j=12 R+x
00 2
Z RLn;o(fi?+x| ,(y)ldy) ! 1o

j=12
where in the last line we used Lemma 1 proved in the Appendix. This proves (A.2).
Let us consider next

@F+m),~(@F@), = [ BiG+mms 0y @D

where
(Apx+y)j=Fix+y+h) —Fi(x+y).
Then

> [ l@Fern- 2B, e

j=12

:fo“

j=1,2

< ||8||%Z(f2

j=1,2 X

[ee) 2
= ||8||% Z (/2 |Fis1(z+h) — Fj+l(Z)|dZ>

j=1,2 M

2
dz

/ (Anz + B (), dy

o0

2
[(AR); (M) dy)

and consequently

}gr(l)( sup ||Qx3(z +h) — ng(Z)H%)
eBy

00 2
g}lli_r)r})(éup ||$|I§) Z</2 IFj(z—i-h)—Fj(z)ldz)

€By J=12 35

00 2
< ' . _F _ .
< ;Zm(fh |Fj(z+h) F,(z)ldz) 0, (4.18)
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where in the last line we used the result in Lemma 2 stated in the Appendix,
ie., (A.l).

We note that the natural definition f(oco) = 0 allows one to extend any square
integrable function defined on [x, 0c0) to [x, oo]. Hence, all the previous results
apply to the latter case f € L,[x, co]. We have proven that if ? € Li[x, o0) for
all x € R, 2, maps L;[x, oo] onto itself

Q: Lofx, 00] — Lj[x, o]

and, if B, is the unit ball in L,[x, oo], 2, maps B, into & = {f € L,[x, o]
f is Ly-continuous} in a uniform way, i.e., the set #, = {Q, D, & € B,} is
uniformly L,-equicontinuous (cf. Def. 1 in the Appendix and (4.18), (4.16)).

By a result in functional analysis (which follows from Kolmogorov’s theorem
by using the fact that [x, oo] is compact on R), the set #, is a compact set of
functions in L,[x, co]. By the Ascoli-Arzela’s theorem it then follows that the
operator €2, is a compact operator on L,[x, oo] for any x € R. O

THEOREM 3. Assume 7 = (2) isin Li[x,00) Vx € R. Then 2, also maps

L[x, 00) onto itself and is a compact operator on this space.
Proof. Let R > x. Consider

f (2, B (2)),] dz
R

E/:’

</ dy|¢>A,~+1<y>|/ Fi(z 4+ )l dz
X R

dz

f Fi(z 4+ )y () dy

</ dy|¢>j+1(y)lsup/ |Fj(z)|dz
X R

y=x JR+y

=(f |¢j+1(y)|dy)(f |Fj<z>|dz).
x R+x

Taking R = x it follows that
|28, = Zf (@B @), dz < 1B Zf2 Fy(0)ldz. (4.19)
j=1,27% j=127%

hence Q,: Li[x, 00) — L{[x, 00).
Also, using Lemmas 1 and 2 proved in the Appendix, one can show that given
any family 8B, of bounded functions of L[x, c0)

lim sup / 19, B (2)];dz =0 (4.20)
—>008€£x R
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(cf. (A.1)) and also that

%irrg)( sup ||(QX3(Z +h) — ng(Z))”h) =0 4.21)
€By
(i.e., (A.2)) which completes the proof. O

4.3. FREDHOLM ALTERNATIVE

The question of existence and uniqueness of solutions of linear integral equations
is usually examined by the use of the Fredholm alternative. Consider the homo-
geneous equations corresponding to any one of the components of (4.1) and (4.2)

(y>x)
7 (y) + f ha(s) Fy(s + y)ds = O, 422)

+00
ha(y) + / hi(s)F(s +y)ds =0. (4.23)
We first consider these equations on L;[x, 00). Suppose there exists an L,-solution

h(y) = (h1(y), ho(y)) of (4.22)—(4.23) which vanishes identically for y < x.
Multiply (4.22) by h7i(y), (4.23) by h3(y), integrate with respect to y and use

f |h,~<y>|2dy=/ () dy

to obtain
f {|hl(y)|2 + [ha (V) 1> +

+ / [h2()RT () Fi(s + y) + hi()h5(y) Fa(s + y)] dS} dy =0. (4.24)

If r = —q*, then the symmetry condition (4.8), i.e., F>(x) = —F] (x), allows the
latter equation to be written as

[e¢) [e )

/ {|h1(y)|2 + [ha(DI? + 2i Im/ ha(s)hT(Y) Fi(s + y) dS} dy =0.

—00 —00

The real and imaginary parts must both vanish, whereupon it follows that 2(y) = 0.
Consider next the defocusing case, corresponding to the reduction r (x) = g*(x);

then F>(x) = F;(x) and Equation (4.24) becomes

f {Ihl(y)|2+|hz(y)|2+2Re/ hz(S)hT(y)Fl(s-l-y)dS}dy=0- (4.25)

o0 —00
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Moreover, in this case the scattering problem is formally self-adjoint and there are
no discrete eigenvalues, therefore from (4.3)—(4.4) and (4.7) we have

1 [ :
Fi(x) = Fi(x) = —/ p(§)es d& (4.26)

21 Joo

with |p(k)|?> = 1 — |a(k)|~> < 1 (cf. (4.9)). We next use Parseval’s identity

o0 1 OO/\
f |h,~<y>|2dy=§/ b &) de @27)

for square integrable functions, where
A~ o0 .
hj€) = / hj(y)e™ dy (4.28)
—00

is the Fourier transform of /(). Substituting these results into (4.25) and revers-
ing the order of integration yields

/ (h P + 17 @® P + 2Re[p@)hi (—ORE)]} & =0. (429

From the characterization equation (4.9) in the defocusing case, i.e., when r = g,
it follows that |p(§)| < 1, hence we have

12Re[ 0 (€)1 (—E)A5(E)]] < 2171 (&) 1h2(E)] < Vi (&) + [ha(E)?
hence
h(y) =0,

i.e., the homogeneous integral equation admits no nontrivial L, solutions.

We next take up the L; case. Suppose that there exists a homogeneous solution
h;(x,y) € L and vanishing for y < x. Then its Fourier transform (4.28) is in L
and, operating with [~ dy ¢’ on Equations (4.22)—(4.23) and using (4.26) shows
that it satisfies

hi€) + Fj(©)hj4 (=) =0,

where j = 1,2 and j + 1 is intended mod 2. This corresponds to the following
homogeneous system of equations of 4 equations in the 4 unknowns % ;(§), h;(—§)
forj=1,2:

1 0 0 RO\ I ©) 0
0 1 RE® 0 @ | _ o] Fe® 0
0 BEH 0 AICEIN I AT 0
Fi(-¢&) 0 0 1 hy(—£) hy(—£) 0
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Existence of nontrivial solutions requires det A = 0, i.e.,
[1 - Fi & B[l - FiI(—=&) F©)] =0. (4.30)

This, however, cannot happen in the “physical case” r = F¢™. Indeed, recall that
one has F>(x) = FF[(x) and F>(§) = FF (=) = F*(—§) so that the previous
equation yields

detA = [1 £ |F&P][1 £ 1F1(—=&)F] > 0.

For the upper sign it is trivial, for the lower sign (defocusing case, r = ¢*) one has
to take into account that |ﬁ &) = |p&)| < 1 for any real p.

Thus, we conclude that le(é) = fzz(é) = 0. Next, h;(y) can be recovered
uniquely from Fourier’s inversion theorem for L -functions:

1 BN .
hj(y) = =— lim / hj(&)e Bllnge = 0.
2w n—oo J_ o
In conclusion, we have shown the following results.

THEOREM 4. If F>(x) = FF(x), and 7 € Li[x,00) for all x € R, the
integral equations (4.1), (4.2) admit no homogenous solutions in either L{[x, 00)
or Ly[x, 00) but the trivial one.

In addition, we have

THEOREM 5. Suppose F»(x) = FF|(x), and F € Lq[x, 00) for all x € R.
Then

(1) The solution K;j(x,-) to the GLM equations (4.6) exists and is unique in
Li[x, 00) forall x € R.

(i) If; in addition, F € Ly[x,00) for all x € R, then the solution K;;(x, -) to
the GLM equations exists and is unique in L[x, 00) U L;[x, 00) and, hence,
K;j(x,-) belongs to Li[x, 00) N Ly[x, 00) for all x € R.

Proof. (i) follows from Theorems 2 to 4 and the classical Fredholm alternative
theorem.

@i1) If F € Li[x,00) N Ly[x, 00), one first proves existence and uniqueness
of solution for the GLM equations in L[x, co), then, using again the Fredholm
alternative, in L,[x, 0o). It follows that (a) there is a unique solution in the whole
Lq[x,00) U Ly[x, 00) and (b) the solutions coincide in L;[x, c0) N Ly[x, 00);
consequently, the common solution lives in L[x, 0o) N Ly[x, 00). O

4.4. PROPERTIES OF POTENTIALS

We have seen in the previous section that the conditions ? € Lq[x, o0) for all
x € Rand F>(x) = FF(x) guarantees existence and uniqueness of a solution
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K;j(x, -) to the GLM equations (4.1)~(4.2) in L[x, 00). A natural question arises
as to whether, under these conditions, the potentials ¢, r also belong to L{[x, 00)
forall x € R (i.e., [ |g(s)|ds < oo, [ |r(s)|ds < 00). As it turns out, there
is no guarantee that this is the case unless somewhat more stringent conditions are
required.

In the first part of this section, we shall follow the ideas of Marchenko (1963) —
relative to the classical Schrodinger operator — and show that if the data satisfy for
alla e R

f (1 + x| F}(x)] dx < 00 4.31)

then the potentials are integrable on (x, oo) for all x € R. The given condition is,
however, quite severe and hence this setting might not be general enough. Consider,
for example, the data

1 if0Og<x <1,

F(x) = xponx) = {o otherwise

i _ sin(1/x)
Fx)=e", F()c)_il_Fx2
or
B sin(x)
Fx) = 1 + x2

which are natural integrable and bounded data, but fail to satisfy the condition
(4.31) and hence are beyond the scope of the theory considered here.

In the next section we shall show how to get around this difficulty and prove the
integrability of the potential under less stringent conditions on the data.

4.4.1. Integrability of Potentials. 1

Let us consider the GLM equations (4.6) fori = 1 and j = 1,2 (j + 1, as usual,
is intended mod 2). Introduce, for convenience,

q)l(x’y):Kll(x’y)’ ©2(x7y):K12(x’y) (432)

so that the equations can be written in vector form

0
3“”+<5u+w>+

R RZCIOICE RV
+A (%wm5@+m)“—a y>x (4.33)

or

0
3(x,x+y)+(F2(2x+y))+
+/Oo(<I>2(x,x—Fs)F](y—Fs—}-Zx)

0

<D1(x,x+s)F2(y+s+2x)>ds 0, y=0 (4.34)
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and
q(x) = 2K 5(x,x) = 2Py (x, x). (4.35)

The results of Sections 4.2 and 4.3 show that if F; € L[x, co) for all x € R, then
the operator

] L Dy(x,x +5)Fi(y + 5+ 2x)
Qu: B, x+y) — —/0 (@Dl(x,x+s)F2(y+s+2x))ds (4.36)

is compact both as an operator from L[0, o0) to itself and L;[0, co) to itself
and Equation (4.34) has a unique solution in L[0, co) (and L;[0, c0) hence in
L4[0, 00) U L,[0, 00)).

In other words, since we know that for any x € R, there is a unique solution to
(4.33) with

© 00
f |®;(x, y)Idy < oo, / |®;(x, y)|*dy <00, j=1,2

then there is a unique solution to (4.34) such that

o0 o0
f 1@, (x, x + )] dy < oo, / 1@, x + y)Pdy <00, j=1,2.
0 0

Equation (4.34) can be written in a compact form as

— — 0
(I+Qx)8(x,x+)’) =h (X, )’)» h (X,Y) = - < F2(2X+y)) (437)

existence and uniqueness of solution to (4.37) in, say, L,[0, c0), for all x € R,
implies that (I 4+ Q,)~! exists for all x € R.
From Equations (4.17) and (4.21) it follows that

Q 6 2 00 2\ /2 Q, 3 1
” ||8||2” \<;<[2 'F’(s)'d“‘)) : ””3”1” < Z/ |F(5)] ds

one also has by the triangular inequality

I+ Q0B |l ( (/w >2>‘/2
——— < 1+ |F;(s)|ds ,
KB ,-;2 2

1+ Q)@ |y . +Z/ Fi(s)] ds
IS, =

hence

lim |7+ 12 < 1
X—> 00
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From the other side,

1
I+ Q) 2 € ——— if |22 <1
) I — 1212 !

and since [|Q]; < ||? | j.12x,00) for both j = 1,2, for the L;-norm one has in
particular that
1

lim [|(/ + Q07" < lim =L
X—00 x—>00 | — ||?“1,[2x,00)

Since the L;-norm of the operator (I + ©,)~ ! is finite for all finite x and bounded
as x — oo, for every a € R, one has

sup |( + 2,)7'l; = C(a) < . (4.38)

x=a

Now, from the Equation (4.37)
IS (x, x + )l
o0 o0
=¥ [ miay <+ @0 [ 150+ 2010,
0 0

j=12
In particular, for both j = 1,2
o o
f |P;(x, x + y)dy < ||(I+Qx)_l”]/ |F2(y +2x)| dy. (4.39)
0 0

Let us introduce
rj(x):/ |Fj/»(s)|ds, fj(x):/ 7;(s) ds. (4.40)

Note that if F; € Ly [x, co) for all x € R, the previous functions are well defined
and they are both decreasing functions of their argument. Indeed, an integration by
parts yields

Ti(x) = srj(s)|:§:)f°—foosr;(s) ds

= lim x7;(x) —xrj(x)—i-/ lej’-(s)lds

X

and all terms are finite for FJ’. € Li[x, 00).
Also, one has the following

|Fj(x)|:/ Fi(s)ds

g/wmmNmsqu) (4.41)
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and consequently

o o
/ |Fi(s)|ds < / 7;(s)ds = T;(x). (4.42)
Substituting the GLM equation for the second component into the first one, we get
Qr(x, x +y) + F2x +y) -
(e.¢] o
—/ ds/d>2(x,x+s’)f ds Fo(s +y +2x)Fi(s' +5 +2x) =0
0 0

hence

| P2 (x, x + y)|
< |FBQx +y)| +

o0 o
+/ ds’|CI>2(x,x+s’)|/ ds |Fa(s +y +2x) | Fi(s" + s + 2x)|
0 o0 0 o0
< IFz(2x+y)|+f dS’Id>z(x,x+s/)I/ ds Ta(y + 2x) 71 (s + 2x),
0 0

where we used (4.41) and the fact that s, s’ are positive and 7; is decreasing.
Consequently,

|P2(x, x +y)| < ©2x + y)[l + fl(ZX)/ ds’ | @ (x, x +S’)I}
0
< x4+ Y[+ 11 2x)C(x) T (2x)], (4.43)

where we used (4.39) to get
(o)
/ | @2 (x, x +5)|ds” < C(x)T2(2x)
0
being C(x) = ||({ + Q)7 !l;. Then we have

/00 | Py (x, x)|dx < /‘00 7,(2x)[1 + C(x)T1 (2x)T,(2x)] dx

/N

[1 + (sup C(x))f1 (2a)f2(2a)] /Oo (2x) dx

xX=a

- %[1 + <Sup C(x))f1 (2a)f2(2a)]f2(2a)
x=a
which, taking into account (4.38), then proves that g (x) € L[a, co) forany a € R.
Note that if we use “right” data, we get a potential in L;(—o0, a] foralla € R,
and then we can use the fact that “right” and “left” data are uniquely determined
one in terms of the others to show that the potentials indeed coincide and to get a
solution which is L (R).
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4.4.2. Integrability of Potentials. 11

As we shall now show, integrability of the potential follows under much weaker
conditions on the data. To this end, given f: R — R, we define the function f as

f) =sup|f(x+y)l (4.44)

x>0

PROPOSITION 5. The operation ™ has the following properties

WD 11 < Folfl, < Ufllp 1< p < oo. Further || flloo = |l f lloo- It follows, in
particular, that

f € Li® = [ flles 1 £l < 005 lim f(x) =0,

(i) f >0,
(iii) if f is decreasing then f = |f],
@iv) f is decreasing,

W (=7,
0D < floer
ovii) 1< lgl = f < &

Proof. (1)—(iii) are st{aightforward.
(iv) One can write f(y) = sup,>¢ |f(x + y)| = sup,c4, |f(x)| where A, =
[y, 00). As y increases the sequence of intervals A, decreases: y <z = A, C A,

and hence sup,,_ | f(x)] < sup,ca, |f ()],
(v) Indeed one can write ( f ) = 12/ where ¥ (y) = f (y) is decreasing. Thus

by (iii) the result follows.
(vi) and (vii) are also straightforward. O

Consider now Equations (4.6) with the notation (4.32). To adapt the ideas to this
vector case we use, as above, |6(x, )| = |Pi(x,s)| + |Pr(x, s)| and the same

?
for ?(x). Besides |F (x)| = Sup,>g |?(x + y)|. The following result holds.

THEOREM 6. Suppose the data satisfies: Fj € Lijgo0),Ya € Rand j = 1,2.
Then q, ¢ € L1 [4.00), Ya € R, and the following estimates hold:

o]

-
11110000 < NG 11 .1a.c0) < (14 S0) |F (y)ldy < oo, (4.45)
2a

where

S, = sup/ 1D (x, 5)| ds < oo.

x=a Jx
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Proof. We first prove the weaker claim g € L 4o, Ya € R. Note

9] < 2/ F 20| +2/ 1B (e, I F (6 +9)]ds

X

and

/ 1B (x, )|| F (x + )| ds

X

< foo B (x, s)|sup | F 2x + 5)|ds = /OO B (. )| F (2x)]ds

s>0
-
= CW)|F (2x)],

where

CO) = 1P iroe) =f B (x. )| ds.

X

Therefore
-
lg(0)] < 2[F 2x)| +2C ()| F (2x)].

g(x) is finite for all finite x since 3()6, y) = —( + Qx)”%)(x + y) with
I (x) = (0, F>(x))" is the only solution of GLM in L [, ) and

1B 100y < 1+ 207111 M (), (4.40)

where
M(x) = /2 I'F (v)|dy. (4.47)
Still,

o
S, =supC(x) = sup/ |8(x, s)ds
x=a xzaJx
could, in principle, blow up as x — oo. To show this is not the case, note
1
I+ Q207 < ——=— if |Q] < L. (4.48)
1 =121

By the estimate (4.21) we have, also
€201 < M(x) (4.49)

and since lim,_, .o M (x) = 0, the condition ||2,||; < 1 is satisfied simply taking x
long enough. Therefore, taking into account (4.46)—(4.49)
M (x)

. o M®
Jim 1B o < Jim =0
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Thus S, < oco. Next,

f ()] dx

<foo|?’(x)|dx+2/oodx|?(2x)|/oo|8(x,s)|ds
2 a X

a

e SN 00 - 9]
g/ |F(x)|dx+2/ dx|F(2x)|f | (x, 5)| ds
2 a X

a
oo

ﬁ
<1+ 8) |F (x)|dx.
2a

Thus ¢ € L (4.00), Ya € R. We next prove the stronger claim ¢ € L;[a, 00). Note
- -
lg(x)] < 21F 20)] +2|F 2x)|C(x) < 2(1 + S)|F (2x)]

hence

G001 < 21+ S)IF )] = 21 + S)IF 2x)l.

where we used (v) of Prop. 5. Consequently, for any a € R,

9] x© —
f gx)dx <1 —|—Sa)f |F (2x)| dx < oo. O
a a

We shall consider the following class of functions 1:1,(,1,00) ={f: R—-> R|
fe Ly (4.00)}. We can reformulate the former result as follows.

THEOREM 7 (Integrability of NLS potentials). Suppose the data satisfies:
|7‘)| € Zl,(a,oo), VYa € R. Then q € Li(a,o0),Va € R and the bound (4.45)
applies.

We proved in Section 4.4.1 that the condition F; € L' |[a, 00), Ya € R, where
L/lyl[a, o) ={f: faoo(l + |xD|f'(x)|dx < oo}, guarantees integrability of po-
tentials. This condition is, however, quite “severe”. As we shall see now, condition
F; € Li[a, 00) considerably “broadens” the class of admissible data.

PROPOSITION 6.  Suppose f € L} la,00) for some a € R. Then it is
also f € Li[a, 00), viz. Ljla, o0) C Li[a,00) where L} la, o0)
f « [+ 1xDLf ()] dx < oo},

Proof.

|f ()] <f | f'(@)dz

= sup|f(x +y)| < sup/ |f'(2)dz zf | f'(2)|dz,
x y

x>0 x20Jx+y

ff(y)dy</ dy/ If/(z)ldz=/ (z—a)llf'(x))dz <00. O
a a y a
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PROPOSITION 7. Suppose that f satisfies

(1) f € Ll[a’ OO) m LOO[av OO),
(i1) there exists M € [a, o0) such that | f| decreases for x > M.

Then f € Z,l[a, 00).
Proof. Note that | f (y + x)| is decreasing whenever y > M for all x > 0. Then
we have

fo=1foml, y=M

and therefore, using (vi) of Prop. 5
oo M . o
f fydy = / f(y)dy+f f(y)dy
a a M

M o0
<f ||f||1,[a,oo)dy+f )] dy
a M

< M =)l flloojac0) + 1 f 110,000 < O0. O

PROPOSITION 8. Suppose there exists a function g = 0 such that f satisfies

(1) g e Ll[aa OO) m Loo[aa OO))
(ii) there exists M € [a, 00) such that g decreases for x > M,
(i) [f] < g

Then f € il[a, 00).
Proof. As in the proof of the previous proposition,

o

f < “f”oo,[a,oo) < ”g“oo,[a,oo)’ y < M,
f<g=gty), y=M

since g(y) is decreasing whenever y > M. Hence

e’} M [es)
f Fody = f Fordy + /M Fody

< (M — a)l8llos 1,000 F 118 111,1a,00) < 0. 0
Remark. With g(x)= ]J:T, we obtain that the function f(x)= —lsi‘r‘)fz

is in I:l[a, o0) and hence is a bona fide data in the GLM equations. Note that
f ¢ L/l’l[aa OO).

A convenient workable statement of our results is the following.

COROLLARY 3 (Characterization of data). Suppose the data F;(x) for j = 1,2
satisfies

(1) either (4.31),
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(ii) or, there exists a function g such that

(iia) g € Li[a, 00) N Lyla, o0) Ya € R;
(iib) g decreases for sufficiently large x;
(iic) |Fj| < g.

Then F; € Li[a, o0) Va € R and then it is also q,7. 7,4 € Li 400, Ya € R.

Appendix A

THEOREM 8 (Wiener). Let [(x) € L; (R), 11 (k) the corresponding Fourier trans-
form. Let f: C — R a given function, holomorphic in a set H C C. Suppose
that

Imi(k) C H,

where Im (k) is the set of values, or range, that this function may take. Then there
exists a function h € L{(R) such that for all k € R

F(k)) = h(k).
For a proof of this result, see (Chandrasekharan, 1989).

LEMMA 1. Forany F € Li[x, o0)

00
lim |F(y)|dy = 0.
7 JR4x

Proof. Let ggr(y) = F(y)0(y — R —x). Then limg_ . gr(y) exists and
SUpgs, [8R(M| < |F(y)| with F € Ly[x, 00). By Lebesgue’s theorem it follows

]

tim [ 1Py = [ fim g(ldy = o 0

R—o0 R4x

LEMMA 2. Any F € L{[x, 00) is Li-continuous, i.e.,

%i‘%f Flx 4+ 1) — F(x)|dx = 0.

Consider now the closed compact interval [x, oo] and let
B={f:[x,00] > C| f(y)=0fory <xand | fll, < oo}
with
B C Lo[x,00] = {f : [x,00] > C| [ fll2 < oo}

Let us recall a relevant definition.
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DEFINITION 1. Foragivenx € Rand p > 1, afunction W defined on L ,[x, o0]
is L ,-continuous if

@ lim [W(x + k) —W)ll, =0, (A.1)
(i) lim / ” W (y)|” dy = 0. (A.2)
R—o0 Jp

LEMMA 3. Assume both h, F € L{(R). Then
fdx e"“{/h(y)F(x +) dy} = F&)h(-£),

where fz, F are the Fourier transforms of h, F and both ft, Fe Lo (R).
Proof.

/dy{/dx\eith(y)F(x +y)\}

< /dy|h(y)|/dx|F<x+y>|

= /dylh(y)I/dle(z)I = ||AlL I Flly < oo.

Thus Fubini’s theorem yields

fdy{fdxeiSXh(y)F(x + y)}

= / dy h(y)e & f dx ST F(x +y)

= F(E)h(—¢). a
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