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Abstract

A method to solve a one-phase Stefan problem associated to the Burgers equation is outlined. It is shown that the
problem admits an exact solution which is a shock wave. The shock wave travels with the appropriate free boundary velocity
and is found to be stable. © 2000 Published by Elsevier Science B.V.

Stefan problems for the linear heat equation are
physically important and there is an extensive litera
ture (see Ref. [1] and references therein, and Refs.
[2,3] associated with them. Indeed, they arise in very
simple physical situations such as the process of
evaporation and condensation of drops, the dissolu-
tion of gas bubbles in liquid and the melting of ice
when heated at the boundary with a prescribed tem-
perature.

In certain cases a method of solution has been
found and existence theorems have been proven
[2,4].

More recently, a class of Stefan problems in
nonlinear heat conduction was considered in [5] and
the exact solution was constructed in parametric
form.

In the following we outline a method for solving a
one-phase Stefan problem for the Burgers equation
(Burgers—Stefan problem). We reduce the problem
to anonlinear integral equation in one variable (time)
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and show that the problem admits an explicit shock
wave solution which is moreover stable in the free
boundary configuration.

The Burgers—Stefan problem is a natural exten-
sion to nonlinear diffusive systems of the previous
studies associated with the linear heat equation. In
fact, the Burgers equation is the simplest evolution
equation which combines together the effects of
diffusion and nonlinearity.

The Burgers—Stefan problem is characterized as
follows: the equation

U, = Uy, — 2uu,, u=u(x¢t), t>0 (1)

is considered on the semi-infinite domain X
€ (—»,8(t)), with the initial datum

u(x,0) = u(x) >0,
U(b) =0, b>0

—wo<x<b (2a)
(20)

subject to the boundary conditions

t>0 (3a)

(30)

u( —oe,t) =u, >0,

u(s(t),t)=0, t=>0 withs(0)=b
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u,(s(t),t) =s(t), t=0. (3c)

In the above relations u,,b are positive constants;
s(t) is an unknown function which describes the
motion of the free boundary and has to be deter-
mined together with u(x,t). (3c) is a condition on
the flux at the free boundary, arising from energy
considerations.

We start our analysis by introducing the general-
ized Hopf—Cole transformation [6]

u(x.t) = o x,t)/[C(t) - f;)dx’u(x’,t)} (4a)

v(x,t) = C(t)u( x,t)exp[— f;)dx’u( x’,t)}

(4b)
with the initial condition
C(0) =1 (4c)

Under this transformation Eq. (1) is mapped into the
linear heat equation

— (5)
with the compatibility condition
C(t) = —u (s(t).1). (7c)

Moreover from (2a) and (3a,b) we obtain the follow-
ing set of initial and boundary data for Eq. (5):

(x0) = 1o X) = u(xpexp| - [“axuy(x) |

(62)
with
vo(X) >0, vo(b)=0 (6b)
and
v(s(t),t) =C(t)u(s(t),t) =0, (7a)
0,(S(1).1) = C(B)u(s(1).t) = —C(1)K(1).

(7b)

The one-phase Burgers—Stefan problem is then re-
duced to the one-phase Stefan problem for the linear
heat Eq. (5) with initial datum (6ab) and with
boundary conditions at the free boundary given by
(7a—0).

In order to solve this problem, we first observe
that (7b) and (7c) imply

C(t) = exp[s(t) = b], (8a)

which can be inverted as

s(t) =b+ In[l—/tdt’ux(s(t’),t’)}. (8b)
0

Next, we introduce the fundamental kernel of the
heat equation

1 1 x?
K(x,t)=ﬁﬁexp(—4—t) (9)
and integrate Green's identity

d dv oK d
LR EEaUS R (10)

over the domain —» < é<9(7), 0<e<r<t—¢
and let £ - 0. Using v(s(7),7) =0and K(x— £,0)
= 8(x— &), we get the solution of the Stefan prob-
lem (5), (6ab), (7a—c) as

o(x.t) =f_wa(x— g,t)uo(g)dg+f0‘dﬂ<
X(x=s(7),t=7)v,(s(7),7) (11)

with s (t) given by (8b).

From Eqg. (11) we see that v(x,t) is known once
v,(s(1),t) is known. We then take the derivative of
both sides in (11) and evaluate it as x — s(t) .

By putting v, (s(t),t) = z(t) and using cf. [2]

lim fdtK(x s(t),t—t)z(t)

x—s(t)~ 9X

= 1z(1) +[Odt’|<x(s(t) —s(t) t—t)z(t),

we obtain

2(t) =2 dEK(s(t) - £)0i(£)

+ 2/ dUK,(s(t) = s(t) t—t) (1)
0
(12a)
with
s(t) =b+ In(l— ftdt’z(t’)).

The Stefan problem (5), (6a,b), (7a—c) has then been
reduced to the nonlinear integral Eq. (12a,b) in one

(12b)
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independent variable. We have been able to establish
existence and uniqueness of the solution z(t) for
small times [7] and will give a detailed report on this
elsewhere. We point out that once z(t) is shown to
exist and to be unique, from (11) existence and
uniqueness of v(x,t) there follows. Hence the solu-
tion u(x,t) of the origina Burgers—Stefan problem
exists and is unique (for small times), due to (4a)
with C(t) given by (8a) and (12b).

We now turn our attention to a particular solution
of the Burgers—Stefan problem. Namely, we show
that there is a shock solution which travels with the
same velocity as that of the free boundary. We
consider the usua shock solution of Eq. (1):

B (u;—uy)
YOO = T (0 — ) (x— VE— xg)]
(13a)
with
V=(u +u,), u,<u, (130)

and u, a constant to be determined. (13ab) de-
scribes a shock which is travelling to the right with
velocity V, and is compatible with the initial condi-
tion (2a) and with the boundary condition (3a).

If we now impose the conditions at the free
boundary (3b) and (3c), we get

So

S(t)=Xo+m+Vt (14&)
and
V=—-uu,=—§t) (14b)

(14a) and (14b) imply that the shock and the bound-
ary are both moving to the right with the same
velocity.

The same relations also imply that the initial
position of the boundary, the velocity V and the
value of the constant u, are given by

u,= —ul/(1+ u,), (15a)
V=u/(1+uy), (15b)

e =uy/|u,. (15c)

In order to sketch the stability of such solution we
consider asmall perturbation affecting both the shock
and the motion of the free boundary. In this context
we set

u=0+u (16a)
s(t) =8§(t) +s(t) (16b)
where {i is the shock solution satisfying 0(8(t),t) =0

and U,s are small perturbations. By linearizing Eq.
(1) around @, we get

@ = @ — 200y, (17a)

where the position U = ¢, has been made.
The boundary conditions (3b,c) together with
(16a,b) give the condition for ¢ at the free boundary

0
a—tgox—l—Vgoxx—FVzgoX =0, (17b)
x=s(t)

where (13b) and (14b) have also been used.
The change of variables

e(x,t) = o( X,1),

maps (17a) and (17b) into

X=x— Mt (18)

@ =oxx — (20=V) oy (19a)
and

d

— oy + Vzgox =0 (19b)
at X=0
respectively.

We now solve (19a) with the initial condition
e( X,0) =f( X) (19c)
and the asymptotically vanishing condition ¢ — 0 as

X— —ox,
In terms of the Laplace transform

¢(X,q) =f:dte‘q20(X,t), (20)
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from (19a—c) we get

¢(X,q) =exp(—p( X))

g ekx=6)
X clekx+/0 dé— —F(¢)
w  ekex=6)
—f_xdfTF(f)l (21a)
with
F(X) = —f(X)exp(+P(X)) (21b)
x(V
P(X)=fo (E—u(x'))dx' (21c)
V2 1/2
k= q+V+T (21d)
and the constant ¢, given by
\% G(k
v ool ) (2
(21e)
where
0 ek¢
G(k) = [ S F(€)dé. (21f)

The small perturbation U'( X,t) is then obtained by
inverting (21a) and taking the X-derivative. When
the asymptotic, large time behaviour of U(X,t) is
considered, the following results are obtained: in the
region V> 1 there holds

\Y

= 2wt Yoo _ oy
uU(Xt) = e* e > p(X)
to

X
VZ-V

\Y
A+ —— ) (22a)
with

A=[° F(£)de.

In the region V < 1 there obtains instead

\%
—X , Vv
t—> > —_

X ( p(X) - %ep(x)) (22b)

findly,aV = litis

U(X,t) = teEXet( _:X) —p’(X)). (22c)

tox

We can then conclude that the small perturbation
u(X,t) is asymptotically vanishing at t — .
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