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Abstract

The inverse scattering transform for an integrable discretization of the
defocusing nonlinear Schrodinger equation with nonvanishing boundary values
at infinity is constructed. This problem had been previously studied, and
many key results had been established. Here, a suitable transformation
of the scattering problem is introduced in order to address the open issue
of analyticity of eigenfunctions and scattering data. Moreover, the inverse
problem is formulated as a Riemann—Hilbert problem on the unit circle, and
a modification of the standard procedure is required in order to deal with the
dependence of asymptotics of the eigenfunctions on the potentials. The discrete
analog of Gel’fand—Levitan—-Marchenko equations is also derived. Finally,
soliton solutions and solutions in the small-amplitude limit are obtained and
the continuum limit is discussed.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The nonlinear Schrodinger (NLS) equation

ig: = qxx = 201q1°q (1.1
is a universal model for weakly nonlinear dispersive waves, and as such it appears in many
different physical contexts. It is well known that the initial-value problem for equation (1.1)
on the infinite line (—oo < x < 00) can be solved via the inverse scattering transform (IST)
[1], and the properties of IST for (1.1) have been extensively investigated in the literature, both
in the focusing (¢ = —1) and in the defocusing (o = 1) cases. In particular, the defocusing
case with nonvanishing boundary conditions was first studied in 1973 [2]; the problem was
subsequently clarified and generalized in various works [3-9]. A detailed study can be found
in the monograph [10]. In particular, it is well known that equation (1.1) with o = 1 admits
soliton solutions with nontrivial boundary conditions, the so-called dark/gray solitons, which
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have the form
q(x,t) =qo e2i"3’[cos o +isin« tanh[sin @go(x — 2qo cos ot — xp)]] (1.2)

with qo, @ and x( being arbitrary real parameters. Such solutions satisfy the boundary
conditions

q(x,t) = q+(t) = qo e?idor+ia as x — 400

and appear as localized dips of intensity g7 sin? o on the background field go. The properties
of dark solitons have been extensively discussed in the review article [11]. It is interesting to
note, however, that while the IST for the scalar NLS equation was developed many years ago,
the formulation of IST for the vector nonlinear Schrédinger (VNLS) equation has been only
recently completed [12]. The IST for certain matrix NLS systems has been studied in [13].
In this paper, we study the IST for a semi-discrete (discrete in space, continuous in
time) version of the NLS equation (1.1). In general, a discretization of an integrable partial
differential equation (PDE) is likely to be non-integrable. That is, even though the integrable
PDE is the compatibility condition of a linear operator pair, one is not guaranteed to have a
pair of linear equations corresponding to a generic discretization of the PDE. On the other
hand, for the differential-difference equation
.d
i—
dt
which is referred to here as the integrable discrete NLS (IDNLS) equation, and which is a
O (h?) finite-difference approximation of (1.1), there is such an associated operator pair (cf
section 2). The corresponding scattering problem is usually referred to as the Ablowitz—Ladik
scattering problem (cf [14, 15] and the monograph [16]). Besides being used as a basis for
numerical schemes for its continuous counterpart, the IDNLS equation has also numerous
physical applications, related to the dynamics of anharmonic lattices [17], self-trapping on a
dimer [18], Heisenberg spin chains [19, 20] etc.
The purpose of this work is to develop the IST under nonvanishing boundary conditions
for the following system of differential-difference equations on the doubly infinite lattice:

1
qn = ﬁ(qnﬂ - 2% +Qn—l) - U|‘]n|2(61n+1 +QI1—1)7 (13)

.d
IEQn = Qn+l - 2Qn + Qn—l - Qan(Qn+l + Qn—l)a (14(1)
.d
_ld_Rn = Rn+1 - 2Rn + Rnfl - Qan(Rn+1 + Rnfl)v (14b)
T

withn € Z. Equations (1.4) include the IDNLS equations (1.3) via the reductions* R, = o o,
with Q, = hg, and t = t/h>. The IST for equations (1.4) with vanishing boundary
conditions was studied in [15]. The case of interest here, namely equations (1.4) with
R, = O} and nonvanishing boundaries, was also studied in [21], and we often refer to some
key results already established there. In some important respects, however, we part from the
approach in [21], and we solve the problem differently, most notably by relaxing the implicit
requirement in [21] that the eigenfunctions be entire functions of the scattering parameter
(which otherwise precludes the possibility of studying non-soliton solutions). We establish
the analyticity properties of eigenfunctions and scattering data from the direct scattering
problem for potentials in a suitable function class; we formulate the inverse problem as a
Riemann—Hilbert problem which also takes into account the asymptotic dependence (at large

4 Throughout this work, the conjugate of a complex number will be denoted by an asterisk *. Accordingly, overbars,
which (following standard notations) will be used extensively, do not mean complex conjugate.
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and small values of the scattering parameter) of the eigenfunctions on the potentials, and we
discuss the small-amplitude and continuum limits of the problem.

The paper is organized as follows. In section 2, we discuss the direct scattering problem.
As in the continuous case, the spectral parameter of the associated scattering problem for
the IDNLS equation is an element of a two-sheeted Riemann surface. Unlike the continuous
system, however, for the discrete problem the Riemann surface has four branch points, located
on the unit circle. The Riemann surface in the discrete case is genus 1, that is, topologically
equivalent to a torus. In spite of this, due to the symmetries in the location of the branch
points, the elliptic Riemann surface admits an involutive automorphism and can therefore
be uniformized in algebraic form. Following [21], in section 2.2 we therefore introduce an
algebraic parametrization for the uniformization coordinate. Sections 2.3 and 2.4 are devoted
to the study of the analyticity of the scattering eigenfunctions. In [21], the eigenfunctions are
assumed to be entire, and the equations of the inverse problem derived accordingly, which
imposes strong restrictions on the class of admissible potentials. We show that in general
the eigenfunctions are analytic inside or outside the unit circle of the uniform variable when
Z';szOO |Q;— 0=l < oo forany finite n, where Q@+ = lim, 1+, Q,. Insection 2.5, we study the
asymptotic behavior of the eigenfunctions for relevant values of the scattering parameter and
show this behavior explicitly depends on the potentials. In section 2.6, we study the properties
of the scattering coefficients and their symmetries and we discuss the discrete spectrum. The
inverse problem is formulated in section 3 as a Riemann—Hilbert (RH) problem associated with
analytic eigenfunctions. The formulation must be modified with respect to the standard case
in order to take into account that the asymptotic behavior of the eigenfunctions for relevant
values of the scattering parameter explicitly depends on the potentials, which are unknown
in the inverse problem. The RH problem is then transformed into a closed linear system of
algebraic-integral equations. In section 4, the Gel’fand-Levitan—-Marchenko (GLM) equations
are derived, which are usually key for studying issues of existence and uniqueness of solutions
of the inverse problem. The time evolution of the scattering data is discussed in section 5,
where an infinite set of conserved quantities is also obtained. Explicit solutions are given in
section 6, where the one-soliton solution is derived. In section 7, the linearized solution of the
IDNLS equation is obtained and found to be consistent with that of the small-amplitude limit
obtained from the RH formulation. Also, in section 8 the continuum limit is explicitly carried
out. Finally, the proof of various statements in the text is given in the appendix.

2. Direct scattering problem

The Lax pair for system (1.4) is given by [14, 15]

[z O
Unpyl = <Rn 1/2) Up, (Zla)
an i an— —iz—lzz —iZ n+i n—1/%2
Un _ 0 . 1 2.( /2) . 0 iQ 1/ o 2.1)
ot iR,/z —izR,— =101 Ry + 3(z —1/2)

where v, is a two-component vector, z € C is the scattering parameter and Q,(7), R, (7)
are the potentials. That is, the compatibility condition between (2.1a) and (2.1b) (namely,
0Vp11/0T = (00, /0T)1m=n+1) 1S equivalent to the evolution equations (1.4) for Q,(r) and
R, (7). Itis also convenient to write (2.1) as

Un+l = Ln Un, (2261)
v,
ot

= Mn Un, (22b)
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where M,,v,, denotes the right-hand side of (2.15), and where

_ _(z O (0 O
L,=7Z+Q,, Z_<0 1/Z> Qn_(Rn 0). (2.3)

Throughout this work, we will use boldface fonts to denote 2 x 2 matrices.

2.1. Eigenfunctions

The direct scattering problem requires characterizing the spectrum of (2.2a) and the
corresponding eigenfunctions in terms of the potentials O, and R,. As customary, when
discussing the direct and inverse problems we will omit the dependence on t of the potentials
and eigenfunctions, since 7 only plays the role of a constant parameter in these contexts.
We seek solutions of the scattering problem (2.2a) with R, = Q; and with the potentials
satisfying the following boundary conditions:
lim Q, = Q4= Q,e%, lim R, = Ry = Q,e %, (2.4)

n— o0 n— o0

where Q, is a real and positive constant. The solutions of (2.2a) then satisfy asymptotically
asn — +oo,

6
Z o€
Un+1 ™ <Q e—ifs Ql/Z ) Up. 2.5
Denoting by v (for Jj =1, 2) the jth component of the vector v,, (2.5) yields
b =G+ 1/oud +(Q -1 =12 2.6)

Looking for solutions of (2.6) in the form o ~ o we geta +r?/a =z + 1/z, with

r=J1-02 @7

Throughout this work, we assume 0 < Q, < 1. As a consequence, 0 < r < 1. Introducing
A = a/r, a solution of (2.6) is given by v\’ ~ A"r", with A such that

r(A+1/10) =z+1/z. (2.8)
Similarly, looking for solutions in the form v,gj) ~ 1/p", we get 1/B +r’B = 7+ 1/z.
Introducing A = Br, it follows that A satisfies the same equation (2.8). We conclude that two

independent solutions of (2.6) are given by
o)~ A, i=1.2, n — 400,
v~ An, j=1,2, n — =+oo,

where A as a function of 7 is defined by (2.8). Therefore one can uniquely define solutions of the
scattering problem (2.1a) by their asymptotic behavior at large n. We therefore introduce the
eigenfunctions ¢, (z), ¢,(z), ¥, (z) and ¥, (z) which are the analogs of the Jost eigenfunctions
in the case of vanishing boundary conditions, and are defined by

Unl(z) ~ A"r" (ArQ—+ z) n— +00 (2.9a)
o ( 0 )
Gn(2) ~ A"r n— —oo (2.9b)
Ar —2

V() ~ A" ()L:I; Z) n— +00 (2.9¢)
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Figure 1. Left: the choice of branch cut in the complex &-plane. Right: the two-sheeted covering
of the complex &-plane defined by A = & + &2 —1nl2,

Gu(2) ~ 27" (ki; Z) n — —oo. (2.9d)

It is convenient to introduce the variable £(z) = (z + 1/z)/2r, such that (2.8) yields

M) =E£VE -1, 1/Mz) =6 F V& — L. (2.10)

From definition (2.10) it then follows that for each z € C there are two possible values of A,
and the branch points of A(z) are located at & 2=1. Namely, from (2.10), the branch points
are given by the solutions of (z + 1 /z)2 = 472, that is z2 F 2rz + 1 = 0. Therefore, in terms
of the variable z the eigenfunctions have four branch points located on the unit circle, which
we denote by £zo and %z§, with

z0=r+1iQ,. (2.11)
It is therefore natural to define the Riemann surface of equation (A — £)?> = £ — 1 obtained
by gluing together two copies of the extended complex &-plane, which we will call I and II,
cut along the segment (—1, 1). One can introduce the local polar coordinates
0 g=re", 0<6,,6,,0 <2, (2.12)
with the magnitudes r|, r, and r uniquely fixed by the location of the point& : r; = |E—1],r, =
|€ + 1| and » = |&| (cf figure 1(a)). Then on the sheet I one can define

AME) =1 + ()2 02, (2.13)

If welet ® = (6, +6,)/2, then ® is discontinuous along the segment (—1, 1); indeed, one has
A = xr +i/rirp on gy and A = £r — 1,/r1r; on by (cf figure 1(b)). Conversely, on sheet 11
one defines

E—1=re", E+l=ré

AME) =re” — (riry) /22 (2.14)

again with a cut along the segment (—1, 1). The lower branch of the cut on sheet I, denoted
by a, is then glued with the upper branch on sheet II, called ay;, while by is glued with by
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(cf figure 1(b)). Points on this Riemann surface are uniquely identified by a pair (z, A). When
there is no ambiguity as to the location of the point on a sheet, however, we will omit the
explicit dependence on A = A(z).

In the following, we will show that the eigenfunctions ¢, (z) and v, (z) are analytic on sheet
I, while ¢, (z) and ¥, (z) are analytic on sheet II. This is related to the fact that one can prove
that |A| > 1 on sheet I and |A| < 1 on sheet II. Along the cuts, A is clearly discontinuous, but
|A| = 1 oneach side (see the appendix for details). (Note that, alternatively, one could consider
a two-sheeted Riemann surface with a cut along the semi-infinite lines (—oo, —1) U (1, 00).
With this choice, however, |A| — 1 does not have definite sign on either sheet, therefore in the
following we will take the cut to be on the segment.)

The Wronskian of two solutions of the scattering problem (2.1a) is defined as usual as

Wr(vm wn) = det(vn’ wn),
and it satisfies the recursion relation
WT(U,H_I, wn+1) = (1 - Qan) Wr(vn, wn)~

Then, since Wr(r "¢, r ""¢,) ~ (Ar — 2)* + Q2 as n — —oo and Wr(r ", r ") ~
(A —2)%+ Qg as n — +oo by virtue of (2.9), one has

n—1

_ 1— OrR

Wi, () = ~[0r = 07+ 02 [T -2 2.150)
k=—00 o

Wr(,(2), ¥ (2)) = —[(hr —2)* + Q2]r™" ﬁ 1_—Qg. (2.15b)
T 1 QR

That is, ¢, (z) and ¢, (z) are linearly independent (see remark 1), and so are ¥, (z) and v/, (z).
Therefore, introducing the 2 x 2 matrices

®,(2) = ($n(2) P (2)), P, (2) = (Va(2) ¥u(2), (2.16)

we conclude that both ®,,(z) and ¥, (z) are fundamental solutions of (2.1a).

Remark 1. The multiplicative factors depending on the potentials in (2.15) are also present
in the decaying case, and one must require that they never vanish. (This is obvious in the
focusing case, R, = —Q;, but must be imposed as a ‘small norm’ condition in the defocusing
regime, that is, when R, = Q}.) Moreover, we show in the appendix that (Ar — )%+ Q?) =0
iff z = £z¢ or z = *£z§, with zo defined in (2.11). We conclude that the eigenfunctions
&,(2), ¢, (z) are linearly independent for all z except at the branch points of A(z), and so are
V¥, (2), ¥, (z). In this respect, the situation is analogous to what happens in the continuum
limit, where the Wronskian of the eigenfunctions is proportional to A = v'k* — ¢¢, and hence
different from zero except, possibly, at the branch points k = +q.

Since the ®,,(z) and ¥, (z) are both fundamental solutions of (2.1a), they are related to an
n-independent invertible transformation. Namely, we can introduce the scattering matrix T(z)
such that

P,(2) =¥, ()T (z). (2.17)
Explicitly,
$n(2) = b)Y (2) +a @)V, (2), Gn(2) = a(2) Y (2) + b(2) Y4 (2),
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where

_ (a(@) b(z)
T(z)—<b(z) a(z)>' (2.18)

Then (2.15) implies
det®,(z)  Wr($a(2), $n(2)) = 1 — QRy
det @, (z) ~ Wr(¥,(2), ¥u(2)) kBOO 1- 02 19

detT(z) = = Coo-
The scattering coefficients can also be written as

a(z) = Wr(djn(Z), Vn(2) ’ a() = _Wr(din(z), Va(2)) (2.200)
Wi, (2), ¥ (2)) Wi (2), ¥ (2))
b(z) = Wr(@a(2), ¥ (2)) b(z) = Wr(@n(2), ¥n(2) (2.200)

CWr(Ya(2). ¥ (2)) Wi, (2), ¥ (2))

Note that if z; is a zero of a(z), then from (2.20) it follows that Wr(¢, (zx), ¥, (zx)) = O, that
is,

¢11(Zk) = bkwn(zk) (2.21a)

for some complex constant b;. Similarly, at a zero Z; of a(z) there exists a complex constant
by such that

Gn(Z) = bidra(Zo). (2.21b)

Because the asymptotic behavior of the eigenfunctions depends on " and 0 < r < 1, we
define the continuous spectrum of the scattering problem (2.1a) as any value of z for which
modified eigenfunctions r~"v,(z) are bounded for all n € Z. This corresponds to values z
such that [A(z)| = 1, with A given by (2.8). Such continuous spectrum is then found to be the
union of two arcs of the unit circle |z| = 1 given by |Re z| < r (see the appendix for details).
Namely,

C={zeC:lz]=1and|Rez| < r}. (2.22a)

On the other hand, the discrete spectrum (if there is any) consists of values z; such that the
problem possess modified eigenfunctions r~"v,(zx) which vanish as n — 4o00. Following
[21], it can be shown that, if Q, < 1, the discrete eigenvalues lie on the unit circle and, for
the sake of simplicity, we exclude the possibility of discrete eigenvalues embedded in the
continuous spectrum. We will therefore take the discrete eigenvalues (if any) to be located in
the complement of the unit circle with respect to continuous spectrum. Namely,

D={z1,...,27€C:|zz|=1and [Rezi| > rVk=1,..., J}. (2.22b)

The proof that for Q, < 1, necessarily |z;| = 1 mirrors the one in [21] and it is given, for
completeness, in the appendix.

2.2. Uniformization

The eigenfunctions and the scattering data are not single-valued functions of z. Indeed, as
follows from (2.8), the function A(z) is double-valued, and has four branch points located at
=£zo and £z;. Hence, the scattering problem is defined on the two-sheeted Riemann surface for
A(z). In principle, this problem can be eliminated by introducing a uniformization coordinate.
A two-sheeted Riemann surface with four branch points is equivalent to a torus (genus 1),
and in general is uniformized by means of elliptic functions. Due to the symmetries of the
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scattering problem, however, it is possible to find an algebraic parametrization. In [21], such
a uniformization variable is introduced by means of the conformal mapping

¢(2) = 12)/z, (2.23)
which implies the following relations:
2 g—r 2 §—r {—r
= AT = A= . 2.24
ST -1y oo YT (229

Hence all these quantities, as well as all quantities which are even functions of A and z, are
meromorphic functions of ¢.

The function ¢(z) maps the arcs of the unit circle (zo, —z§) and (z§, —2o) onto the unit
circle in the ¢-plane. The edges of the continuous spectrum, +zo and £z, are such that
AM=Ez0) = M(Ezj) = £1. Therefore, since |zo| = 1, from (2.23) it follows that they are
transformed into the points ¢y and ¢, where ¢ (£z0) = {; = 2 and ¢ (£z;) = o = 0. Note
also that as ¢ — r one has (z, A) — 0 and ¢ — 1/r corresponds to (z, ) — oo. Therefore,
the points 7 and 1/r in the complex ¢ -plane play the same role as the points 0 and oco.

Remark 2. In the appendix we show that

Al <1 iff ¢l <1, (2.25a)
lz] > 1 iff  (1¢* = DIlg = 1/r]* = Q,/r1 < 0. (2.25b)

The values of ¢ corresponding to the distinguished points of the unit circle in the z-plane
are tabulated in the appendix. Equations (2.25) and the correspondences in table 1 yield the
mapping z — ¢ shown in figure 2. Note that the mapping is not 1-to-1, but rather 2-to-1. That
is, two different values of z (both in the same sheet) correspond to any single value of ¢. This
however does pose obstacles in the analysis.

Because the asymptotic behavior of the eigenfunctions as [n| — oo contains the terms
r"A%", in order to more effectively study analyticity properties we now introduce the 2 x 2

matrix
A0
A= (O 1/A> . (2.26)

Using A, we can define modified eigenfunctions whose asymptotic behavior as n — £00 is
independent of X, as in [21]. Indeed, note that if ®,(z) and ¥,(z) are defined by (2.16), then
from (2.9) one has

r®, (AT ~ ( Q- - Z) n — —oo, (2.27a)
Ar—2z —R_
)L —

rW, (AT ~ ( Q- d Z) n — +00. (2.27b)
Ar—z —R,

The asymptotics of the matrices r " ®,,(z) A™" and r " ¥, (z) A™" show that the diagonal parts
are meromorphic functions of ¢, while the off-diagonal parts contain terms like ¥A — z, which
are not even functions of A or z. The scattering matrix T(z) shares the same property. (This
follows from (2.27) in the asymptotics at large n, but in fact holds true for all integers n, and
it is proven from the scattering problem [21].) We can obtain meromorphic functions of ¢,
however, by performing a further transformation on the eigenfunctions. That is, we introduce
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Figure 2. The mapping z — ¢. The exterior of the unit disk in sheets I and II is mapped
respectively onto the interior of the disks |[¢| < 1 and [¢ — 1/r| < Q,/r minus their intersection
(regions B and D). The interior of the unit disk in sheet I is mapped onto the region outside both
disks in the ¢-plane (region A). Finally, the interior of the unit disk in sheet II is mapped onto the
intersections of the two disks in the ¢-plane (region C).

(This figure is in colour only in the electronic version)

the modified eigenfunctions

(My(O)M, () = r "AM) @, (A WA,

(2.28a)
(N2 (ONL(0) = r "AQ) T, (DA QYA (2.28h)
where
1 0
AL = (O A) . (2.29)

Note that the choice of A is obviously not unique. This choice however will also be

convenient when studying the analyticity properties of the eigenfunctions (cf section 2.4).
Componentwise, (2.28) is

oM (©) _ A1) /()
M, =\A""r" M, =" _ , (2.30a)
©O=>"" 6@ O=271 g0 “
V() /A(©) _ UD()
N, (&) =A"r™" , N, ) =x"r" _ (2.300)
D= v () ¢ " Lov2o
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These modified eigenfunctions satisfy the difference equations (modified scattering problems)

A Qn/\ . A Qn/A <
My (§) = (Zlé 1%@) Mu©). N = (Zlé IQ/(iz)> N.©),  (231a)
_ A w ) - A n
@ = (25 ) me.  meo=(1% )me. e

Note that the combinations of scattering parameters in (2.31) can all be expressed as uniquely
terms of ¢ via (2.23) and (2.24).

The asymptotic behavior of these modified eigenfunctions at large n, which follows from
(2.28) and (2.9), is independent of n, as desired. Indeed, since (A\r —2)A = A*r —Az =¢ —r,
and (\r — z)/A =r — 1/¢, one has

TAGES ((;Q_‘r) F,(6) ~ (r:RI_/‘“) o -0, (232)

N, (&) ~ <§Q—+r> , N,y () ~ (r :1;/§> n— +00.  (2.32b)

After transformation by means of the matrix A (1), relation (2.17) becomes

(M (£)M,(£)) = (N1 (N (E)A"S(OA™,
where the modified scattering matrix S(¢) is given by
a(¢) 5(4)/k(§)>
A(E)b(Z) a(¢) '

Note that both S(¢) and the product A"S(¢)A™" for integer n are meromorphic functions of
¢. Explicitly, we have

S() =AMWT@A™' (W) = ( (2.33)

M, (&) = No(©)a(@) + 1) Na(©)B(Q), (2.34a)
M, (£) = Ny ()a(g) + () Ny B(&), (2.34b)

where B(¢) = A(L)b(C), B(Z) = b(¢)/A(¢). We note that equations (2.34) are key to the
formulation of the inverse problem.
Taking into account (2.20) and (2.30), we then have the following Wronskian
representations for the scattering coefficients:
WM, (8), Nu(8)) ~ Wr(M,(£), Nu(2))
Wi (N, (§), Na(§)) Wr(N, (), Na(§))

Wr(M,(¢), N, (£)) Wr(M,(£), Nu(£))
Wr(N,(£), N, (£))’ Wr(N,(£), Ny()

Note that Wr(N,,, N,,) = r~2" Wr(/,,, ¥,) and (Ar —2)> = (¢ —r)(r —1/¢) so that (cf (2.15)
and (A.2))

a(g)

a) = (2.35)

B(&) =21""(¢) (2.36)

B(&) = —A*(¢)

Wr(N,(0), No(0)) =1 (& +1/C =2r)/A,, (2.37)
where A, is defined by
ol Ok
A=]] T (2.38)

k=n
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Therefore,
_ oy WM, (8). Na(£)) o WM, (5), N,u()

a(d) =~ r(C+1/c=2r) " a(0) = An rC+1/c=2r) ° (2.3%a)
é‘ —-r " Wr(Mn(g)’ Nn(é‘))

ﬁ({) = A, |:§ — :| _ ,
rgz S (vgv+(11\f<;>2frv) ©) (2:390)

e —r r n s 4V¥n

== [grc - 1] r@+1/s—2r)

Note also that from (2.21) and (2.30) it follows that at zeros ¢ of a(¢) the following relation
holds:

M, (&) = (A (&) ™ No (&) (2.40a)
Similarly, at zeros ; of @(¢),
M, (&) = brOM(&)) ™ ' N, (). (2.40b)

2.3. Green’s functions

The analyticity properties of the modified eigenfunctions satisfying the difference
equations (2.31) can be studied effectively using Green’s functions. Both M,,(¢) and N, (¢)
satisfy the same equation, which can be written as

_ Lz Q;/ﬂ) 1(1/A2 0
v (€)= (RjF Ui )@+ (g
where Q,, is defined by (2.3) and

Q. = lim an<0 Qoi).

) (Qn — Q) vn(£), (2.41)

Ry

Solutions of (2.41) can be written in the form of a ‘summation’ equation (discrete version of
an integral equation)

vn(§) = we + Z G () (Qr — Qp)ui(0), (2.42)

k=—00

where the inhomogeneous term w.. is such that

1 (z/0n Q+/3?
I—— =0. 2.43
[ ; (R$ e )| YF 2.43)
Here Iis the 2 x 2 identity matrix, and Green’s functions G (¢) satisfy the difference equations
1 (z/n Qi/A? 1 /1/2* 0
£ _ 2 £y _
Gn+l (C) r <Rj: 1/(Z)\) Gn (C) r 0 1 81‘1,05 (2'44)

with §,, ¢ being the Kronecker delta. Note that all the combinations of z and A that appear
above can be written in terms of ¢ according to (2.24), but for brevity it is convenient to leave
them and only make the substitution at the end. Note that Green’s function is not unique, and
indeed it is the choice of Green’s function and the choice of the inhomogeneous term that
together determine the eigenfunctions and their analyticity properties. First of all, note that
both of the vectors wy = (Q+, ¢ — r)7T satisfy (2.43). (The superscript T denotes matrix
transpose.) Then, using Fourier transforms, we obtain for Green’s functions the following
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expressions (see the appendix for details):

1/)\2 Q% Q_ Y —rid Q—
Gou[ ] [ — c—r —A 2(n=1) d ’
n (;) (n )}"2(1 _ I/AZ) :(R_ s _r> < R_ _Q(Z)r{il

(2.45q)

ing oy 1/2? QTgr 0+ —2-1) _ri__l e

Gn<c>——9<—">m{<%+ ;—r>_k oo )]
(2.45b)

where 6, is the Heaviside unit step function. The term 1 — 1/A? gives singularities for A = =1,
i.e. at the branch points &y and ;. One can take a ‘formal’ limit of (2.45) as { — &y =r+iQ,
or¢ — ¢ =r —iQ,, however. For example, as { — r 10, one obtains

—1 :FlQn o-

r? ( R_ j:iQ,,) ’ (2.46)
which shows that this Green’s function is well defined at the branch points, though linearly
growing in n. Therefore, the associated eigenfunctions are also well defined at the branch
points, provided that the potentials Q,, — Q4 decay fast enough as n — o0 to take care of
the growth of Green’s functions. Due to the #-functions, G"'(¢) admits an analytic extension
for |A] > 1, hence for |{]| > 1, while Gi,“(;) is analytic for [A| < 1, hence for [¢| < 1. On
the other hand, taking into account the difference equations (2.42), we see that G"'(¢) (with
the — signs on the right-hand side (RHS) for Ry, Q1) is Green’s function associated with the
eigenfunction M, (¢), which then is also expected to admit analytic extension outside the unit
circle [¢| = 1, while G;“({) (with the + signs on the RHS R., Q) is associated with N,
which therefore can be analytically continued inside the unit circle.

To be precise, the Green’s functions are meromorphic either inside or outside the unit
circle, since they exhibit poles at points { = 0, oo, r and 1/r. However, it turns out that in
the integral equations the terms combine in such a way that the eigenfunctions do not have
singularities at these points. This problem is addressed in section 2.4, using an approach
analogous to the one introduced in [4, 5].

In a similar way, one can show that solutions of the difference equations (2.315) can be
written as

n

G (§) ~0(n—1)

v(@) =ws+ Y GF L(O)(Q — Qui(?), (2.47)

k=—o00

with inhomogeneous terms @+ = (r — 1/¢, —R+)T and Green’s functions

re—1 02
¢ S | G =
G =0 — 1) 55 ( ¢ L ) _ e [T ’

r(l—)») Ri _Qoré-,l Ri {—r

~in 22 _MC_I Q 2n-1) _;QT% Qs
Gn (C)Z—Q(_n)rz(l_)\;) {( Ri —Q%r{{1> — A Ri §_r .

Clearly, Gg”‘(;) is meromorphic inside the circle |[¢| = 1, and (N}in“(g‘ ) is meromorphic outside
the circle |¢| = 1. By looking at the ‘summation’ equations (2.47), and taking into account the
f-functions, G2*'(¢) — G (¢) and G"(¢) — G*(¢). This indicates that M, (¢) is analytic
inside the unit circle || = 1, and N, (¢) is analytic outside, as we show next.
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2.4. Analyticity

To study analyticity of the eigenfunctions, it is convenient to use the approach of [4] and
introduce a modified scattering problem, related to (2.1a), but with potentials that decay as
|[n] — oo. Recall that the discrete spectral problem (2.1a) can be written as v,+; = L,v,,
where L, was defined in (2.3). As n — =400, one has L, ~ L4, where

_( z O+
Li:(Ri l/z)’

and where 01 = Q, ¢, R, = Q,e % (cf (2.4)). The eigenvalues and eigenvectors of the
matrix Ly are given by Lo U, = U.D with D = diag(Ar, r/}) and

_( 9+ Ar—z
Ui_(kr—z —Ry )

As in section 2.2, if v,, is a 2 x 2 matrix solution of (2.2a), we introduce

¥, = Av,A7", (2.48)
with A(L) defined by (2.29). The 2 x 2 matrix V,, then solves the scattering problem

Vpe1 = LoV, (2.49)
where

. a/

i, =ALA"!' = (A;,, Ql//z ) .
Note that

. y
lim L,1=Li=<“§i Ql% )

Since L. is similar to L., it has the same eigenvalues, namely {Ar, r/A}. The eigenvectors
of Ly are given by the matrix U., and therefore a matrix of eigenvectors of Ly is given by
AU.. Since eigenvectors are defined up to a multiplicative factor, however, it is convenient to
multiply the second column of AU so that ﬁi is an even function of A, z. For instance, we
can take the matrix of eigenvectors of L to be

0= (A(Agi— 2) W—Ri)//\) = AUAL
Now, in analogy with [4], we introduce

N n Ar —2Z)/A

Un = (A(A?— 2) ( —Ri)/ ) : (2.50)
where the modified potentials O, and R, are such that

0, — 0. R, —> R as n — oo, 2.51a)
and they satisfy the constraint

O.R, = Q2 Vn € Z. (2.51b)
We then define

v, =0, v, (2.52)
so that ¥, — T'as n — 0o and observe that V.1 = (U}, — U; )91 + U, 9,41, Thus, ¥,

satisfies the modified scattering problem

vn+l = ann’ (253(1)
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where

L, = (0 - 0, )L,0, + 0

n

'L,0,. (2.53b)

Note that from (2.50) it follows that

gl R, (Ar —2)/A
Un = 02+ (Ar — z)? ()»()»r —2) -0, ) . (2.54)

N ote also that the first term in L, in (2.53b) decays asymptotically as n — =00 since ﬁ and
Un 1 have the same limit (cf (2.51a)). On the other hand, the second term in (2.53b) can be
decomposed into the sum of two pieces: one which is diagonal and contains the eigenvalues
(this is because asymptotically U, diagonalizes L,) and a second term which again decays
due to (2.51). In fact, one has

Aﬁ _ 0 1
_<0 V/k>+Q2+(M—z)2

U, 'L
( ()»r—z) 0.R,+R,0,—202) {Rn(Qi—Qan)+<Ar—z>2(Rn—Rn)}/A)
Qn Q Qn )+()Lr_z) (Qn_Qn)} _()\r_z)(Qan"'RnQn_zQz)

(0~ O )0, =
0%+ (Ar — 2)?
( (Rni—l - an[)\rQn +Z(Qn - ~Qn)] ({én+l - ?n)[z()‘- - rz) j Qnién]/)‘ )
_)\(Qn+l - Qn)[()‘ - VZ)/Z + Qan] (Qn+1 - Qn)[ar/)‘ + (Rn - Rn)/z] ’

and therefore it follows that

L, = ()‘0’ r?k) +V,(0), (2.55)
where V,,(¢) decays as n — =o0o. What is relevant here is that all terms depending on
potentials are decaying at both space infinities, and that all entries (including the eigenvalues)
are odd functions of A and z. Therefore, if we define modified eigenfunctions to eliminate the
factors A"r" or A7"r", we obtain a scattering problem which contains rational functions of the
uniformization varlable ¢ only. This is important since it considerably simplifies the study of
analyticity through a Neumann series approach.
For instance, let us introduce a modified eigenfunction

M, (z,0) = 27"r " B,(z, 1), (2.56)

where the column vector 9, (z, A) is a solution of (2.53a). Note that M, (z, 1) has asymptotic
behavior

M, (z, %) ~ (é) n— —oo.

Moreover, M, satisfies the difference equation

~ 1 0 . .
My () = (O 1/k2(§)> M, (8) + Wi (M, (%), (2.57)

where W,,(¢) is an energy-dependent matrix potential of the form

1 -
W, () = mwn@'), (2.58)
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and the matrix W,, has entries

W ={e = DUfu+ 1+ 85100 — g1}/ (), (2.59a)
Woio = {[(0r — 2)%g; — R £ 1+ B[z — 2) — Qu R, 1}/ (A%r),  (2.59D)
Wa1 = {= £ On + 8aOr —2)* = hulre — 14+ 0, R, 1Y/, (2.59¢)
W)z = =g = D(fu + [/ (r8) + hal Ry /A — gi/(rA2)], (2.59d)

where we introduced the short-hand notations

fn = Qan - Qg’ 8n = Qn - Qna hn = Qn+l - Qn~ (260)
The potentials f,, g, and h, are all decaying as n — =+oo. Therefore W, (¢) — 0 as
n — $oo. Also, note that all the coefficients in (2.59) can be explicitly expressed in terms
of the uniformization variable {. Using (2.24), one can show that all entries of W, (¢) are
bounded functions of ¢, except possibly at the points where the overall factor 1/(¢ +1/¢ —2r)
in (2.58) diverges, i.e. at the branch points. Therefore, we can introduce a ¢-independent
matrix W, such that for all ¢ # &, ', one has [|[W,(¢)[l < [[W,|[, where || - || is any matrix
norm, which is used to prove convergence of the Neumann series (see the appendix).

The relation between the eigenfunction M, (¢) and M, (¢) is given by the transformation
(2.52):

M, () =0, (M, (2), M, (¢) = U, ()M, (2),

or, componentwise,

M) = 0,MP @)+ —1/0)MP (), 2.61a)
MP @)= —rMP ) - RMP ). (2.61b)

Therefore, if, as we prove below, M, (¢) is analytic outside the unit circle, then M, (¢) is, with
atmostapoleat { =ocoif M,(¢) = O(1) as ¢ — o0.
We now write a summation equation for M, (¢) from the difference equation (2.57):

. 1 =~ .
M, (¢) = (O) + Y G (OWOM;(0),
j=—00
where Green'’s function G, satisfies the difference equation
- 1 0 ~
G = <0 1//\2(§)> G = duol.

A solution to this equation can be found in terms of a discrete Fourier transform

~ _L w1 (1/(p—=1) 0
Gn@)—szlpl:lp (" )

Perturbing the contour of integration away from the unit circle so that the points p = 0, 1, 1/1?
are all inside the contour yields obtain for Green’s function the simple expression

~ 1 0
Gn(é‘) = 9(” - 1) (0 ()LZ({))ln)

and therefore the discrete integral equation for M, (¢) becomes

. 1 n—1 1 0 .
W,(6) = (O) 3 (O 20 ) W, ()M0). (2.62)
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In the appendix, we use a Neumann series solution to (2.62) to prove that M, (¢) is an analytic
function of ¢ outside the unit circle, if the potentials f,, g,, h, in W, (¢) are summable, i.e.
Z;Oj_oo | ful < oo etc. Correspondingly, from (2.60) this requires Q,,, R, € £;, where we
define

o= Fu: D 1= Jim_fil <ocoVneZ
Jj=Fo0

Since M, (¢) is analytic for || > 1, then (2.61) yield analyticity for M, (¢) in the same
region, apart from a pole at co. In a similar way one can prove analyticity for the other
eigenfunctions. In conclusion, for potentials Q,, R, € €0, M,(¢) and N, ({) are analytic
functions of ¢ outside the unit circle |¢| = 1, and M, (¢) and N,(¢) inside and continuous
on the circle, excluding, possibly, the branch points ¢ and ¢;. In this respect, note that
W.,(¢) has an overall factor 1/(¢ + 1/¢ — 2r) which vanishes precisely at the points ¢, and
¢; that correspond to the four branch points z¢ and %z; of the function A(z). However, the
behavior of the eigenfunctions M,,(¢), M, (¢), N,(¢) and N, (¢) at the branch points can be
studied directly in terms of the original scattering problem (cf (2.46)), to conclude that all
eigenfunctions are also well defined at the branch points.

Note that in [21] the eigenfunctions are implicitly assumed to be entire, and the equations
of the inverse problem are derived accordingly. We stress that, in order for the eigenfunctions
to be entire functions of ¢, strong assumptions on the decay of Q,, — Q4 as n — oo are
required. Here we find that under more general summability conditions on the potentials,
M, (¢), N,(¢) and a(¢) are analytic in the ¢-plane outside the circle |{| = 1 (apart from a
pole at oo for M, (¢)), while M, (¢), N, (¢) and a(¢) are analytic in the ¢-plane for |¢| < 1
(apart from a pole at ¢ = 0 for M,,(¢)). The other scattering coefficients b(¢) and b(¢) are in
general only defined on the circle [¢| = 1.

2.5. Asymptotics of eigenfunctions and scattering coefficients in the uniformization variable

First of all, note that from (2.23)—(2.24) we have the following:

r/t t—>0 re ¢ =0
ER RYIG) ¢ — 00 2 el ¢ — 00
- —r)/(r0?) ;> —( —r)r/Q? ;=
Q2/(rt —1) ¢— 1/ 022 /(rc — 1) ¢—1/r
r —0
1y~ l/r { — 00
- -n/0? ¢
Q%r‘z/(rg -1 ¢ —1/r

Then, performing a WKB expansion on the modified scattering problem (2.31), we obtain (see
the appendix for details)

M,(¢) ~ (Q"“), Nn<¢>~l(_r ) (oo, (263)

¢ A, =R,
] 1 (0, ) -1
() ~ (g) L M@~ <_ R/i) t>0,  (263b)

where A, is defined by (2.38). Now observe also that { — r corresponds to A — zr and
from (2.8), since r> # 1 (i.e. Q, # 0), this means z — 0 and A — 0. Similarly, ¢ = 1/r
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corresponds to z, A — oo. This suggests that the values { = r, 1/r play a special role and
should be treated on the same footing as { = 0, oo, respectively. A WKB expansion about
these points yields

Mo (0) ~ —R_ (Q"‘/’), Nn(;>~Q*( ! ) ¢ (2.64)

1 A_n ({—}")Rn/Q[z)
and
N 1 R (=0, -1/n]0;
Mn(é‘) Q— (Rn—1/">’ Nn({) _A_n< 1 é‘_) 1/r'
(2.64b)
Finally, recalling (2.39a), from the above expansions we obtain
WML, N (@)
a(g) = —A, rC 1T — 2 1 ¢ — oo, (2.65a)
o WML (), Ny (©)
W) =M= L a0 (2.65b)
and
ag) ~ RQ: _ g ¢, (2.66a)
1—r2
a(g) ~ Q——R; = (0 ¢ — 1/ (2.66b)
1—r

The asymptotic behavior of the eigenfunctions and scattering coefficients will be key to
properly formulate the inverse problem.

2.6. Symmetries and properties of the scattering data

From the scattering problem (2.1a), one can see that the matrix L, = Z + Q, obeys the
involution

L,(z) =oL;(1/z"0y,
where, as usual, o is the Pauli matrix
(0 1

Note also that the involution z — 1/z* corresponds to { — 1/¢*. Comparing the boundary
conditions (2.9) and recalling that A — 1/A*, and r/A — 1/z = z — Ar, one can check that

Yr (/2% 1/3) = —o1¥a(z, A) &n(1/2°,1/07) = —01¢,(2, 1). (2.67)
Or, in a matrix form (cf (2.17)),
O (1/z%,1/0%) = —o1 ¥, (2, L) oy ® 1/, 1/1") = —0 1 ®y(z, Vo). (2.68)

From (2.21) it then follows that the complex constants by and Dy relating the values of the
eigenfunctions at discrete eigenvalues satisfy the symmetry relation

by = b k=1,...,J. (2.69)
Substituting (2.68) into (2.17) yields
T (1/z*,1/0%) = o1T(z, A)oy. (2.70)
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There is a second involution that relates the values of the eigenfunctions on two different sheets
in the z-plane and in particular across the cuts (cf figure 1). In fact, the scattering problem
(2.1a) is independent of A, and comparing the asymptotic values of the eigenfunctions as
n — 400 yields

wem =40 weim=""25cn amn
Combining (2.67) and (2.71) one obtains
I"/)\—Z * * * T Z_r/)" Tk * *
n(z, 1/2) = R o16,(1/z°, 1/17), Ou(z, 1/2) = B o1¢,(1/z°, 1/17)
(2.72a)
Z—I"/)\ * * * T I"/)\—Z T * *
Ya(z, 1/2) = oy, (1/75, 1/17), Valz, 1/2) = oy, (/25 1/17).
(2.72b)

Note, in particular, that for the points that correspond to the continuous spectrum one has
1/z* = z and 1/1A* = A. Therefore, from the definitions (2.17) it follows

R_ R_
b*(z, 1) = —Q—b(z, 1/3), a*(z,\) = R—a(z, 1/1) (2.73a)
N 0
Hence, the reflection coefficients p(z,A) = A(2)b(z,A)/a(z,r) and p(z,A) =

b(z, )/ (A(z)a(z, 1)) satisfy the symmetry relations

R. _ .
p*(z,A) = —Q—p(z, 1/), Pz A) = —%p(z, 1/1). (2.73¢)

Since z — 1/z* corresponds to ¢ — 1/¢*, in terms of the variable ¢ the scattering matrix
(2.33) also satisfies the same involution

S*(1/¢*) = 618(¢)o1, (2.74)
as follows by noting that (2.29) yields A*(1/1*) = A~'() and A(A(¢))o1AL(Q)) = ro.
Explicitly, we can write the following symmetry relations among the scattering coefficients:

ag)=a*(1/¢"), b(§) = b*(1/¢). (2.75)

In particular, this implies that & is a zero of a(¢) outside the unit circle iff £, = 1/ ¢f is a zero
of a(¢) inside the unit circle. As a consequence, the discrete eigenvalues, i.e., the zeros of
a(¢) outside the unit circle and of a(¢) inside, are paired.

Remark 3. In the appendix we show that

(a) The continuous spectrum (2.22a) in the z-plane is mapped onto the unit circle of the
¢-plane (that is, || = 1) excluding the points &y and .

(b) The discrete spectrum (2.22b) in the z-plane is mapped onto a set of points {¢;, ..., ¢}
which lie on the circle of center 1/r and radius Q,/r in the ¢-plane; that is, on the circle

g —1/r> = Q5 /r*.
We conclude that, in terms of ¢, the discrete spectrum is a set of zeros ; of @(¢):

a(&) =0, Gl < 1, k=1,2,...,J,
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Figure 3. The uniformization variable ¢; continuous spectrum || = 1, discrete spectrum

¢ —1/rl=Qo/r.

located on the arc of circle centered at ¢ = 1/r and radius Q,/r, lying inside the unit circle
(cf [21], and see also figure 3 and remark 3), and the corresponding zeros ¢ = 1/ of a(z)
(cf (2.75)) outside the unit circle. Given their location, the discrete eigenvalues lying inside
the circle |¢| = 1 can be naturally parametrized by means of the angles v, cf figure 3, defined
by

é_'k =(1+0Q, ei‘/"')/r, |r — Y| < arctan(r/Q,). (2.76)

Note that from (2.75) one can also obtain a symmetry relation for the derivatives of the
scattering coefficients a(¢) and a(¢). In fact, one has

@) =—(a/) /e (2.77)
In particular, at a discrete eigenvalue (2.77) becomes
@ @) = =3a (&) (2.78)

Noting that detS = det T, from (2.19) and (2.75) we get the discrete analog of unitarity for
points on the continuous spectrum ([¢| = 1, ¢ # o, §5):

a@)> = b= [ a—=QuR)/r.

n=—0o0

Using (2.17) and taking into account that the diagonal elements of the scattering matrix are
not modified by the transformation (2.28), equations (2.20) can be written as

a@) = [T,' O], a@) = [T, O], 2.79)

where the lower indices denote the corresponding entries in the 2 x 2 matrices. Differentiating
the above relations with respect to the scattering parameter yields

dw, _ d®,
a'() = [—\Iln‘(;) Oy + 108 0) (“} , (2.80a)
d¢ d¢ »
dw, _ d®,
a'(C) = [—\Iln‘(;) Oy + 108 0) (“} . (2.80D)
d¢ d¢ 1
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From the scattering problem (2.1a) one can check that d¥, /d¢ and d®,,/d¢ both satisfy the

same difference equation
_1 dvpn _1dv, . 1dz

v v =-—V
n+l dé. n dé. z d; n+l
Therefore, one can formally write

ZO’3Vn.

d@n 1dz
2,0 @) = Z @7 (0)Zo3%;(0),
L1 AT 1dz
v, (©0) i Z‘I’j+1(C)Z0'3‘I’ ©),

_"L

using the decay of the corresponding eigenfunctions ®, and ¥, as n — Foo when evaluated
at a discrete eigenvalue in the proper region of analyticity. Substituting into (2.80) yields

- 1dz — _
@) = | - d; 3 U Zosw, T (G, (2.81a)
j=meo 2
1dz —
a0 = | - d; Y 0\ Zos ¥ T (@, (2.81b)
J=moo 11

The previous relations can be further simplified into (see the appendix):

ﬁ/(Ek) Z(Ek) 1 _ 0 i M 0
b(& T A, : 2.82
bG)  G-n R z(ck)j;m @O @) (2.82a)
a) oz 1 g L 0 o

o R A (v . 2.82b
b))  (—r) Oy €126 j;oor i @) vl @ ( )

Equations (2.82) will be used in the following to obtain symmetry relations for the norming
constants. Moreover, the above relations also imply that the zeros of a(¢) and a(¢) are simple
(see [21] for details).

A trace formula for the scattering coefficients a(¢) and a(¢) can be derived from the
knowledge of their analyticity properties and asymptotic behaviors. Namely, if a(¢) has J
simple zeros at points Ek, for any ¢ such that [£] < 1 one obtains [21]

i (=G [ 7g logla(w)[? }
- o7 d . 2.83
ae) = ]"[;kg_gk [Zm )  Twop (2.83)

Condition (2.66a) then gives the analog of the 6-condition introduced by Faddeev and
Takhtajan for the continuous NLS equation, i.e.

7 _
Qi0—0) _ l_[ i r—¢ Xp L% log|a(w)|? dw (2.84)
Pl “rir—1 271 Jlp=1 w—r ' '

As observed in [21, 23], the peculiarity of this problem, compared to the case of vanishing
boundaries, is that eigenfunctions and scattering data possess singularities at the edges of the
continuous spectrum. The existence of the above mentioned singularities is formally a result
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of nontrivial dependence on the spectral parameter of the limiting values of the eigenfunctions,
which in turn are determined by the behavior at infinity of the scattering potential.

Finally, let us briefly discuss the behavior of the scattering coefficients at the branch
points. In section 2.3, it was shown that the eigenfunctions are well defined at the branch
points ¢y and ¢;. From (2.37) it then follows that

Wr(N,(£0), Nu(60)) = Wr(N, (&5), Na(&5)) = 0.

Therefore, at these values of ¢ the eigenfunctions are proportional to each other; namely,
N, (%) = yN,(&) and N, () = 7N,(&;). Comparing the behavior at large n of both

eigenfunctions, one gets y = —ie* and y = ie®. Then from (2.39) it follows that the
scattering coefficients have poles at points ¢ and ¢;. Namely,
Ot B+
a(¢ ~ &) = +O0(1), b(& ~ %) = +0()
=20 =%
as { — o, while
€~ )=+ 0() ¢~ =L +0)
a¢ ~¢) = , a(¢ ~ ¢l = ——
g -y

as ¢ — ¢. Finally, note that 22 () = )»2(4'6‘ ) = 1. Therefore from (2.39) it also follows that
B+ = iet%q.. The special case when either oy or o_ vanish gives rise to what in scattering
theory is referred to as a virtual level (cf [10]).

3. Inverse problem

The inverse problem consists in reconstructing the potentials from the scattering data. We
accomplish this by defining and solving a suitable Riemann—Hilbert (RH) problem. To this
end, we write the ‘jump’ conditions (2.34) in terms of the uniform variable ¢ as

M, (%)

= N, (&) + (&) "N (@) p (@), (3.1a)
a(g)
M, o
- ©) = N, (&) + MO N, ()p(L), (3.1b)
a)
where we have introduced the reflection coefficients
p(&) = B(g)/a(g), p() = B(&)/a). (3.2)

The functions M, (¢)/a(¢) and N, (¢) are analytic outside the unit circle || > 1, while
M, (¢)/a(¢) and N, (¢) are analytic for || < 1, with singularities (poles) at { = 0, at ¢ = oo
and at the zeros of a(¢) and a(¢) respectively. To obtain an appropriate RH problem from
(3.1), one must take into account the asymptotic behavior of the eigenfunctions as well as the
poles, which we do next.

The results in section 2.5 imply that the asymptotic behavior of the quantities in (3.1) is
given by

o As ¢ — oo

_ M@ (Quor+o(1) NN
n(®) = 05 <§+0(1) ) Na(©) ~ < (_Rn>+0<1/;). (3.3a)
e As¢ — 0:

M) (1/c+0q) o1 (0,

n(®) = 255 (R,11+o<1>)’ Na©) ~ & <_r)+0@)' (3.3b)
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e As¢ —r:

i~ & (2 o mo~ (90 )roe-n. 60
a@) ~e% "o —n. (3.3d)
e As¢ — 1/r:
M, (¢) ~ ! 0 1 N, ()~ 0 0 1
n(g) Q— R,l,l/r + (C_ /}’), n(g‘) —R+/An + (é‘_ /r),
(3.3e)
a(c) ~e =) Lo —1/r). (3.3f)

Note further that the points z = 0 and z = oo on sheet I are mapped onto the points ¢ = oo
and ¢ = 1/r respectively. The points z = 0 and z = oo on sheet II, instead, are mapped onto
the points ¢ = r and ¢ = 0. Therefore, in terms of the uniformization variable ¢, the points
¢ =r and ¢ = 1/r play the same role as the points 0 and co.

As for the behavior at the zeros of a(¢) and a(¢), recall that, from the symmetry (2.75) it
follows that a(¢) has simple zeros at points ¢ = ¢ (|| > 1) if and only if @(¢) has zeros at
the corresponding points ¢ = & = 1/¢;. Also, from (2.40), one has

Y WU 1
€s (T@)’ ¢ = §k> = Cel A (G Ny (8r), Cy = 0@ @) (3.4a)
M, i b
Res( ©. = ;k) - GG TN, o= 2 (3.4b)
a(?) ()

If the potentials Q, — Q. decay rapidly enough as n — oo, such that 8(¢), B(¢) can be
extended off the unit circle in correspondence of the discrete eigenvalues, then the norming
constants can be written as Cy, = B(&) /@’ (&) and Cy, = B(&)/a’(&i). Note also that recalling
(2.39b) and (2.78), and noting that 1*(z) = 1/A(1/z"), from (3.4) it follows

Cy = —¢2Cr. (3.5)
Moreover, since Cy = B(&)/a’ (&) = b(&)/(@ (&) 2(Ex))
1

Re{z(Z) Yol oo r 2 A (G0 (" @0) "}

Recalling that the discrete eigenvalues are parametrized by the angles v according to (2.76),
from (3.6) it then follows that

Cr = £|Cy| e 0V, 3.7

Co=Ri(r — 1) (3.6)

Equation (3.5) then fixes the argument of C; accordingly.
Now consider (3.1a). Since M,,(¢)/a(¢) grows linearly as { — oo, we divide itby ¢ —r,
obtaining

M, (%) N, () M)
= N, . 3.8
Tne® —1-r 7.7 ©)p) (3.8)

The function on the left-hand side (LHS) is still analytic outside the unit circle (since r < 1).
Now, however, it goes to a constant as { — oo (cf (3.3a)). On the other hand, the function
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N,(2)/(¢ — r) on the right-hand side (RHS) now has a pole at { = r inside the unit circle,
whose residue however is known. We thus subtract from both sides of (3.8) the behavior of
the left-hand side at co, and the pole contributions at the zeros of a(¢):

M,(§) (o> - i Res(My/a; &)
¢ —na@) \I (G — 1 — &)

_ Nn(é‘) _ (O) _ ! ReS(Mn/a; &) )L(é-)—ZnN »
T U A ey ey A D (3.9)

We now introduce the ‘inside’ and ‘outside’ projectors

k=1

P[f](§)=i. lim f EACIPM HES!
27'[1 |§{,"—>{1 Jw|=1 w — é‘/
) (3.10)
1
PLIC) = — lim / IACII ol 1,
2mi 8 Jwl= W g’

which are the projection operators for functions analytic inside and outside the unit circle,
respectively. We then apply the ‘inside’ projector P[] to both sides of (3.9). Since the LHS is
analytic outside the circle, and decaying as ¢ — oo, its P projection will be identically zero.
Hence for any ¢ inside the unit circle (|¢| < 1) the RHS yields

! Ny (w) 0 - Res(M,/a; &) A(w) ™" dw
B B Ny, — =0.
wi=1 |: <1> Z (G —r)(w — &) i (w)p(w):|

w—7{
That is (since ¢ is inside the unit circle, and so is r)

] _ 0 "\ (¢ = r)Res(My/a; &)
N,(&)=N,
2 (”+<;—r>+; G —nE -5

1 (& —r) rw)~™

271 Jipmr w =8¢ w—r

2mi

w—r
k=1

Ny (w)p(w) dw.

Then, taking into account that N, (r) is given by (3.3c) and that

Res(M,/a; &) = Cih(G) ™" N (&),
we obtain, according to (3.4a), for any ¢ with [¢| < 1
Q+/An> . i (& = CAG) ™
C—r ) = G- )
1 (& —r) Mw)™"

271 Jjpj= w =8¢ w—r

Nn(() = ( Nn(§k)

N, (w)p(w)dw. 3.11a)

Equation (3.11a) is the first part of the equations that will provide the solution of the inverse
problem. Similarly, we consider (3.15), and we divide it by { — 1 /r. After subtracting the pole
at ¢ = 0 due to M, (¢) and the pole contributions at the zeros of @(¢), we apply the ‘outside’
projector P[-] introduced in (3.10) for any ¢ outside the unit circle (|| > 1). This yields

L/ Na(w) 1 (1) _2’: Res(M,,/a; 5i)
2mi jwl=1 | W — 1/7‘ w \0 (é_‘k - 1/7)(U)—Zk)

k=1

)\‘(w)Zn

Naw)pw) |22 =0
w——l/r a(w)p(w) |[—— =0.

w—¢
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Now recall that N, (¢) is analytic outside the unit circle, and that is goes to a constant as
¢ — oo and therefore the residue of N, (w)/[(w — ¢)(w — 1/r)] as w — oo is zero and the
integral on the unit circle can be evaluated in terms of the residues at the points ¢ and 1/r, both
outside the unit circle. Taking into account (3.3¢) and (3.4b) one finally obtains for [{| > 1:

r—1/¢ L@ = 1/1)CA@0* N (@)
N, = _ _
© <—R+/An) " ,; (&= 1/ (& = &)
L[ €= 1/r)rw)™ dw

+2_71i w——l/rN”(w)'b(w)w—C'

(3.11b)

Equation (3.11b) is the second equation that will provide the solution of the inverse problem.
Note that, as in the IST for IDNLS with decaying boundary conditions, the equations of the
inverse problem depend on A,,, which in general is unknown. In that context, the problem is
easily solved by the introduction of modified eigenfunctions whose asymptotic values do not
depend on the potentials. The same does not seem to be straightforward here, however. To
circumvent this problem, we note that the potential could be reconstructed, for instance, by
means of the large-¢ expansion of N, (¢). According to (3.3a), from the asymptotics of the
first and second component of (3.115) one obtains, respectively

J
1 -
/A, =1+ ——— C M) N D
/ ;rgk_l A@OTP N (G
1 _ d¢’
~ 3 )\(;’)2"N,§1>(§’)p(§/)/—§, (3.12a)
T =1 r¢ =1
L N N
A _A_n+k2=;mckwck>] ()
1 _ ~ de’
-— MNP (P ——. 3.12b
2721 S (EHT'N,” (¢ )p(é)g,_ r ( )

Equations (3.11) and (3.12a) are a system of five linear algebraic-integral equations for the
five unknowns N (¢), N (¢), NV (¢), NV (¢) and 1/A,, in terms of scattering coefficients
@)@ gl = 1 (& ¢ 16l > 1.Cy and (G : |8l < 1. Cel_y. since 0 < 7 < 1
is given and A(¢) is a known function. If this system admits a (unique) solution (once
appropriately closed by evaluating (3.11a) at { = ¢; and (3.11b) at ¢ = ¢; for all
j=1,...,J),then (3.12b) allows one to reconstruct the potential R,,.

It should be also noted that (3.12a) yields 1/A,, in terms of NV (¢) and scattering data.
Since 1/A,, appears linearly in (3.11a) and (3.11b), by substitution of (3.12a) into (3.11a)
and (3.11b) we obtain a system of liner equations for N, (¢) and N, (¢) only.

4. Gel’fand-Levitan-Marchenko equations

It is also possible to provide a reconstruction of the potentials by developing the discrete
analog of Gel’fand—Levitan—Marchenko (GLM) integral equations. Let us consider triangular
representations for the eigenfunctions N, (¢) and N, (¢):

r=1/t\ e -1 n—j
N, () = <—R+/An> +Z§TM§)2( J)Kn,j 1] >1 4.1a)

j=n
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Nn@):(Q*/ ) Zg OMNTR, el <1 (4.1p)

Jj=n

where K, ; and K, j are two-component ¢-independent vectors.  Note that these
representations are compatible with the asymptotic behavior of the eigenfunctions asn — +00,
since A, — 1 in that limit, and they are also compatible with the ¢ -asymptotics provided K, ;
and K n,j satisfy certain constraints. In fact, since A2(¢) decays as ¢ — 0and 1/A%(¢) decays
as { — oo, one has

0
N11(§)~<_RI/A >+rKn,n C—)OO, Nn(l/r)=<—R+/A )

e e B S e A e S

and comparing with (2.63) and (2.64) we obtain

_ (/A= (0 00/a,
o= (s, ) o= (Ga ) @

These formulas provide the reconstruction of A, and Q,, R, in terms of the kernels K, ,
and K, , of the triangular representations for the eigenfunctions. Note also that the choice
of power expansion in A?(¢) in the triangular representations (4.1) allows us to admit kernels
K, ; and K, ; that are not necessarily strongly decaying at infinity. Moreover, the symmetry
relation (2.67) for the eigenfunctions corresponds to

kn'jZ—Oanyj Vl/l,jEZ.

We now apply the operator 5~ f‘ =1 dga(2)*™ =D for m > n to the first equation of the
inverse problem, equation (3 lla) and then substitute the triangular representations (4.1) to
obtain

o]

> L { 2(j—m—1)
; Knigmi /g - 1“0 %
Ce(rgk — DAG) ™" (r - 1/§k> 1 / ¢ — 2n—m—1)
= A d
Z (& — ")2 —R./A, ) 2mi [z]=1 ¢ — Gk © ‘

+ZK,1]Z

— L dw —2n r—1/w L/ 2-m—1y) § — T
2701 Jjwj=1 w — I’)L(w) p(w) <—R+/An) 271 Jyr1=1 +¢) w—1C d¢

_ . L rw— 2j _/ 2(n—m—1)§;r
Yo /|w-1d L p(w) e E L

1 { 2(n—m—1)
A d
2n1f|1§—§k © ‘

lgl=1

Evaluating the integrals with respect to ¢, we finally obtain

00
Kn,m - (Sn,mGl.n + Fl,m + Z Kn,j[(sn,mGlj + F2,m+j—n]a (43)

j=n
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where
J
Cid(g) 2D — 1/ 1 [ A(w) 20D r—1/w
n - - - - ~ - - 4 d
=2 kg ) "2 o w1 Pk, )
(4.4a)
J —2(n+1) —2(n+1)
A 1 A
G2n=ZM+—,f L,o(w)dw (4.4b)
’ P & — 1 271 Jpy=1 w—r
o (r—1
Fim = ZC/J»@ )20 ( R /A;k>
k=1
1 2(m+1) = l/w
+ P " 1(rw — Dp(w)r(w)™ R+/A dw 4.4¢)
J
-1 1 -1
P =Y S D ey [ I ) @)
’ T {k —r 27T1 Jw|=1 —

In a similar way, applying the operator 5 S S A& 2= for m > n to (3.11b) yields

Kn,m = 8n,mGl,n + Fl.m + Z En,_i [(SnﬁmGZ,j + F2,1n+j—n]’ (45)
j=n
where
J
T _ e Z \2(m—1) 04+/0, _ L/ 2(m—1) <Q +/An
Fip= ;ckmk) (Ek - ) 2t ), e (1) Jaw @6
! Ek —-r 1 w —
— _ — Z\20m—1) _ _~ 2(m—1)
Fyp = k;jckrgk — &) oo fw| - lA(w) p(w) dw (4.6b)
J a = \2n 2n
Gl’n —r Z C:k)"(é‘k) (Q+/An) _ ri. / )\‘(w) _( ) (Q+/ ) w (4.6C)
=l Ck—l/r Ck_r 2l ‘w|=1w—1/r r
J
Cer (g™ 1 (w — rAw)?
Z G— 1 2xi ey w12 PO (@od)

Together with (4.2), equations (4.3) and (4.5) provide a closed system and allow in principle
to reconstruct the potentials.

5. Time evolution and conserved quantities

Having determined how to reconstruct the potential from the scattering data in section 3, our
last task in the implementation of the IST is to determine the time evolution of the scattering
data. Accordingly, from now on we will write explicitly the time dependence of the potentials
0,(7) and R, (1) and scattering eigenfunctions ¢, (z, ), ¢, (2, T), ¥ (z, T), ¥a(z, T) etc.
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Letlim, 1o O, = Q+(7) and lim, . 1o, R, = R4 (7) be the boundary data as a function
of time. The value of Q4 (7) and R4 (7) is uniquely determined from the initial data via (1.4).
Indeed, interchanging the order of limit and derivative, (1.4) and (2.4) imply
dQ, _ dQ« _d(R,0,) d(0))

li =2i , 1 = =0. 5.1
n;lilw dr d‘[ Q Qx nﬁlr:Boo dr dr G-D

Hence we obtain immediately

Q+(1) = Qo™ (5.2a)
where

0+(7) = 0+(0) +2Q§r. (5.2b)

Equation (5.2) determines the time evolution of the asymptotic phase of the potential as
n — Foo. Moreover, since R,(t) = Q} (1), we have Ry (1) = Q% (1) = Q% e 0™,

Let us now determine the time evolution of the eigenfunctions. The time dependence of the
solutions of the Lax pair is specified by (2.1b). The asymptotic behavior of the eigenfunctions
0 (2, T), ¢n(z, T), ¥ (z, T) and ¥, (z, T), however, is given at all times 7 by (2.2b). Note that
from (2.1b) and (2.4) it follows that

Q5 — wo) —i(z — 1/Z)Qi(f)>
—i(z — 1/2)R+(7) —i(Q; — o)

where we have introduced the short-hand notation wy = %(z — 1/2)%. Using this asymptotic
behavior, we then obtain a system of equations which fixes, at large space infinities, the time
dependence of the asymptotic values of the eigenfunctions. Indeed, using the asymptotic form
of the scattering problem as n — o0,

n — +oo,

M,(z,7) ~ <

Qi(r)v(z) ~ v 1) zv,(ll), Ri(t)v,(ll) ~ v,ﬁ)l - v,(lz)/z, (5.3)
we obtain

0l ) 22 —1/7? )

auf,” ~i <Q3 e v —iz =1/, (5.4a)

d 2 1/7?

PR (R VOIS (Qi — %) v, (5.4b)

as n — =oo. In order to satisfy (5.4b), we introduce modified eigenfunctions to be solutions
of the time-differential equation (2.2b):

Fu(1) = €7, (1), Tu(1) = €7y, (1), (5.5)
bu(1) = €7, (1), V(1) = €79, (7). (5.6)
One has
% ()7 iw&’r%
S = 0, +e T (5.7)

with similar equations for the other three modified eigenfunctions.
Since Q4 (1) = Q,e*® from (2.9) we have, as n — —oo

Du(r) = (Q (’))mrﬂ, 9uD) (19—(f)Q—(’))mr,l.
aT 0



1738 M J Ablowitz et al

Requiring that the components of ¢, (z, T) satisfy (5.4) asymptotically as |n| — oo we then
obtain, from the second component of (5.7),

, ¥-1/7

o) =—-02+ 5 —ar(z —1/z). (5.8)
It then follows that the time evolution of the scattering eigenfunction ¢, (z, t) is given by
¢,
L= (M, — i0T)¢,, 5.9
5 = My — i T)e (5.9)
where I is the 2 x 2 identity matrix as before. In a similar way one obtains that
2 2
= —1/z
o2 =02+ e

Introducing the matrix
Q(z) = diag(iol) (2), 02 (2)),

we can also write the time evolution equations for the matrix eigenfunctions ®,(z, t) and
W, (z, t) defined in (2.16) as

(2, 7) _ M, (z, )@, (2, 7) — ®4(z, T)Q2),

at 5.10)
8‘I’n(Z» T) ( .
T = Mn(Z, 'L')‘I’n - ‘I’n(Z’ T)Q(Z)

Note that, as a consequence of (5.2), we obtain that the phase difference is time independent:
d
—[0+(r) —0_()] = 0.
dr

(This was to be expected, since the asymptotic values of the amplitude of the potential as
n — oo coincide.) From the scattering equation (2.17) we then obtain

0P, (z, 1)  9W,(z, 7) aT(z, )

T(z, 1)+ W¥u(z, 1)

aT ot aT
That is, taking into account (5.10),
0T (z, 7)

3 = [Q2(2), T(z, 7)].
T

Componentwise, from (2.17)

da(z, T) _ da(z, ) B

0, 5.11
It T (5.11a)
ob(z, T . .
WD) _ifw@ @) - ol @b 1) = i[202 + 1z — 1/2)( — 1/1)]b(z, 1),
3ot o) ) (5.11b)
e —i[0l (@) — 0l @]b(z. 1) = =i[20] +r(z — 1/2)(. — 1/V)]b(z, T).
We conclude that a(z, ) and a(z, t) are time independent, while
b(z, T) = b(z, 0) AL THRET (5.12q)
b(z, 1) = b(z, 0) e 2iCiT—in@r, (5.12b)

where the function

(@) =rz—1/2)(A = 1/3) (5.13)
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expresses the discrete analog of the linear dispersion relation of the continuous case. Note
that, using (2.23), the above dispersion relation can be written in terms of the uniformization
variable ¢ as

26 =2/r+1/0)(& =2r+1/2)

& —n/t—r) '
Similar arguments can be used to obtain the time dependence of the norming constants for the
discrete eigenvalues. Namely, if z; is a discrete eigenvalue, from (2.21) one has

n) =r (5.14)

0 . d
—On 2k, T) = DiYn 2k, T) + b — Y (2, T).
aT at
Recalling (2.2b) we also have

M, 2k, T)n 2k T) — i) (1) Pn (i)
= bW (2, T) + BiM,, (24, TV (21, T) — ibr0 @ (20) Vi (24, T)- (5.15)

(Note that the operator M,, depends on z.) Therefore we have b; = i[wé%) ) — oV (z0) b,
which yields

bi(7) = by (0) eHOoTinGoT, (5.16a)
where 14(z) is again given by (5.13). Similarly, one obtains
bi(t) = by (0) e 2iQiminr, (5.16b)

The time evolution of the modified scattering matrix S(¢, ) is the same as T(z, ) (cf (2.33)).

Next, we show how to obtain an infinity of conserved quantities for (1.4). Recall that the
scattering coefficient a(¢) is time independent. Since a(¢) is analytic outside the unit circle
|| = 1 and tends to 1 as { — oo, it admits a Laurent series expansion whose coefficients
are the constant of the motion as well. Substituting the expansions for the eigenfunctions
(cf (A.5)) into the Wronskian representation (2.35) it follows that the Laurent expansion for
the function (¢ + 1/¢ — 2r)a(¢) is given by

0o oo 2),j [ SIN]
M(l),kN’g)J

@)k a7(D.J
rC+1/¢—=2ra) =—A, ZZn— _Z Z M,”" N,

k=0 j=0 g j=0 k=—1 g
Renaming the indices yields
x© |t ' R CE ' '
r(¢ +1/¢ —2r)at) = —A, g g_ ZO M-I NPT KZI a ZOM,EZ),E—JN’SI)J
= j= == Jj=

and therefore for any £ € N, the 1/¢% coefficient of the Laurent series expansion for
r(¢ +1/¢ —2r)a(t) is given by
¢
I, = A, Z (M(l),f—jN(Z),j _ M(Z),Z—jN(l)’j) — M@y (5.17)
j=0

Since a(¢) is constant in time, (5.17) are an infinite set of conserved quantities for the IDNLS
equation for £ = —1,0, 1, .. .. The first few of them are
Iy = A,NPOMP !
I = An[—N(l)’OM(Z)’O + M(l),ON(Z),O _ N(I)JM(Z),*I]
n n n n n n
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etc. Substituting the explicit expressions for the coefficients of the Laurent series expansion
of the eigenfunctions derived in the appendix yields
oo
Li=r,  Ih=—= ) [RiQu1-0]]
n=—0oo
A second set of conserved quantities can be obtained in a similar way from the coefficients of
the Laurent expansion for a(¢), i.e.

¢
Jr=A Z (M(Z),l—jN(l)-j _ M(l),f—jN(Z),j) _ M(l),—ll\_]@)lﬂ (5.18)
n n n n n n n . .
j=0
Recalling symmetries (2.67) and (2.75), these conserved quantities can be written as
o0
Jo=r, Jo=— Z [QuRu—1 — Q7]
n=—o0

Also, by taking into account the t-dependence of the scattering coefficients (2.17), it follows
that the determinant (2.19) of the scattering matrix T(z) is a constant of the motion as well,
that is

o0 (o]

1-Q;(mR;(t) _ 1—0Q,(0)R;(0)
Co(T) = 1_[ l_—le) = 1_—Qg. (5.19)
The system of equations (1.4) is a Hamiltonian system, with coordinates Q,(7) and momenta
R, (7) respectively. The Hamiltonian is given by (cf [16, 22])

Jj=—00 j=—00

o0
H= " [Ri(Qui+Qu1)—20;] +2l0g[1 = (R,Q, = Q})].  (5.20)
n=—0oo
Finally, note that motion constants are also given in terms of the scattering data by the trace
formula (2.83). In fact, recalling that a(¢) and @(¢), as well as their zeros &, & (discrete
eigenvalues) are time independent, the coefficients of the expansions of, say, @{) as ¢ — 0
in (2.83)

w, newz (5.21)

wi’l

log[1 — |A(w)|?|p(w)|?
anyg gl I()Ilp()I]d
[wl=1
provide an infinite set of conserved quantities, assuming all of these integrals are convergent.

6. One-soliton solution

Pure soliton solutions are obtained when the scattering data comprise proper eigenvalues and
the reflection coefficients vanish identically on the unit circle || = 1. As is well known,
in this situation the algebraic-integral system that linearizes the inverse problem reduces to a
purely algebraic system of equations and can be solved exactly.

Let us consider the linear system (3.11) and (3.12a) for the case of one-soliton
(reflectionless, and with just one pair of eigenvalues 1, {; = 1/} and associated norming
constants Cy, C; respectively)

NP+ AN @) =1/0 —r=r—¢f, (6.1a)
NP+ A,NP (@) + Ry /A, =0, (6.1b)

]\7,(11)(5]) + BnN,El)(é‘l) - Q+/An =0, (6.1¢)
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N®@E)+B,NP¢) =& —r, (6.1d)
/A, +C, NP (@) =1, (6.1¢)

and, from (3.12b),
Ry = Ry — D, AN (£0), (6.2)
where for brevity we have defined the functions

r—g_’l*

G —1/r

oo v ML T e o v R
b= (sﬁ—%)ﬁcl O™ = r(1 _(E|1::)12|2()5E1;rr)— EI*)CI (2@, (6.3b)
Cn= —Ell_/—z/rél(/\z(fl))” = E}'z—__rlAn, (6.3¢)
o= ﬁcl(ﬁ@)n - _r%;*'z——_rlf‘"' (6.3d)

Note that in (6.3b) we have used the symmetries A(1/z*) = (1/A(z))* and ¢ = 1/}
(I&i] > 1), and the fact that both A%(¢;) and A%(Z;) are real, to conclude that A%(z;) =
1/2%(¢1). Indeed, note that A*(Z)) = &1(& — r)(&) — 1/r)/[r|&1 — 1/r|*].  Therefore
ImA%(Z;) = (|&> +1 — 2ReZ;/r)Im¢Z;. The term in brackets is identically zero, since
Z1 is on the circle of center 1/ and radius Q,/r. We conclude that both A%(Z;) and A%(¢))
appearing in (6.3) are real.

One can solve the linear algebraic system (6.1), obtain 1/A, and N®(Z;), and then
substitute into (6.2) to reconstruct the potential. The coefficients of the linear system are all
expressed in terms of A, and B,. Also, note that from (2.24) it follows

) r? G =1/ 0,

A 1612 1 —r2  1alPle —r*
where we used that Z; is on the circle on center 1/r and radius Q,/r (cf (2.76) and
figure 3). Consequently, from the symmetry (3.4) in the norming constants it follows that

C 2172 12 2 B n+l
e 0 ()

Note that (6.5) implies that A, B, > 0 Vn € Z. From the above linear system (6.1) one then
obtains

1048 =

(6.4)

_ 1 - |El|2Aan
1+ A, 040812 = D/ — 1) — AuB,

1/A, (6.6a)

and

_ o - & —r)(1+Q.C, — A,B,) + R,B,(1+5,|*A, B,
FOG < G=na+o. VHRB(HEPABY
(1 - Aan)(l + Q+Cn - Aan)
Then, as shown in the appendix, by defining A,B, = x,, from (6.2) we obtain the
reconstruction of the potential as

r - . X
R,=R,|1+—1—17 wﬂ_f}, 6.7
[ +Q0( (2119 e ok 6.7)
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Figure 4. The value of 1/A, as a function of n resulting from two different choices of discrete
eigenvalue. Left: ¢; =(1- Q,)/r, with Q, = 2/3,6, = 0 and nprming constant C1 = 1/2.
Right: Z; = (1 — Q,e™/12)/r, with Q, = 2/3,6, = 0 and C; = 2¢'"/12,

where ¢; = arg({; — ), and x,, is a positive quantity for all n € 7Z, given by
11

1—141?

Then, we can write

X, = |Gyl @) = dA* (&) > 0, d=|Cigl/(1=15 ).

a=re?|Cigi1/Q0,. (6.8)

2n (-
R —R. [1 N ar™"(¢r) ] ’

L+d[& |2 (&)
Note that since |A({;)| < 1, then R, — R, asn — +oo, and as n — —oo one has
R, — R,a/(d|{;|) = R_, where the last identity follows from (2.84).
The time dependence in (6.7) is completely determined by that of R, and |C|, for which

we have, respectively, R.(t) = R, (0) e~ 2057 and

IC1(0)] = |C1(0)] exp[Im p(&1)t], (6.9)
where (&) is given by (5.14). It is illuminating to look at the time dependence in the original
variables z and A. According to (3.4a) and (5.16), it is given by

Ci(r) = Cr(0) exp[ 21077 — in(z)T],
and

w() = 1@ — /20 (A (Z) — 1/2(Z0))-
Now we can use the fact that points of the discrete spectrum are such that |Z;| = 1 and
|Re zZx| > r, and that for such points

E(Zk) = @+ 1/Z0)/2r = (T +Z)/2r =Re Zi/r > 1,
and therefore

AZ) =E@) —VE@)? — 1 €R.

Note also that

Az — /A @) = —2VE@)? — 1,

and therefore we have

(@) = —=2r @ — 1/Z0v Re Z)?/r? — 1 = —4ilm Zxv/ (Re Z)* — r?

(and it is actually purely imaginary), so that finally

Ci(v) = Cr(0) exp [—2iQ0t — 47 ImZxy/(Re Zp)2 — r2].

The value of 1/A,, as a function n is shown in figure 4 for two different choices of discrete
eigenvalue, which produce respectively to a stationary (black) dark soliton and a moving (gray)
dark soliton. The shape of the two corresponding soliton solutions is shown in figures 5 and 6.

It is worth mentioning that the Casorati determinant form of dark solitons was recently
obtained in [24].
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Figure 5. The amplitude (left) and argument (right) of the black dark-soliton solution generated
by the choice of discrete eigenvalue and norming constant in the left part of figure 4.
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Figure 6. The amplitude (left) and argument (right) of the grey dark-soliton solution generated by
the choice of discrete eigenvalue and norming constant in the right part of figure 4.

7. Small amplitude limit and linearization

Unlike the case with decaying boundary conditions, the term ‘small amplitude’ here does not
refer to the solution itself, but rather to the difference between the solution and the uniform
background. Here we discuss the small-amplitude limit of the IST and we compare it to
the solution obtained by directly linearizing the IDNLS equation (1.4) around a uniform

background.

7.1. Small amplitude limit from the inverse problem

To obtain the small-amplitude limit of the IST, consider the equations of the inverse problem
(3.11) in the absence of solitons, namely

N@)_(QJA”)_ R / (& = r)(1/22w)"
TN e=r ) 2w e =@ —1)

_ 2 n
N, (¢) = <r—1/§ >+ 1 / (¢ —1/r) (" (w))

Ny (w)p(w) dw,

_R+/An 2_7'[1 |w|=1 (w — é‘)(w _ 1/,,) Nn(w)[)(w) dU),
1 . L ()\.2(11)))” - )
Ay ' wi=1 rw—1 Ny (w)p(w) dw,

A” )\42 no_
R, = R, + = / M1\f,<3>(w),a(w) dw.
21 |w|=1 rw—1

We can solve these equations iteratively:

N (YA & —r)A/R2w)" [(r—1/w
N"({)_(g—r ) E/Iuﬂ:l (w—2)(w—r) {<_R+/An)
1 (w—=1/r)0>W)" (Qu/A\ .. o,
2711 Juier @ —w)(w’ = 1/1) <w’—r)p(w)dw +"'}p(w)dw’
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(r=lg N, L (& = 1/r) Q2 )" [ (Q+/ Ay
Na(®) = (—&/An) ¥ o /w|=1 (w—o)(w—1/r) {( w—r >
B L (w —r)(1/A%>(w"))" (r—l/w’
271 Sz (W —w)y(w’ —r) \—Ri/A,

)p(w’)dw’+~-}ﬁ(w)dw,

LR [ (R2(w)”

A, Bl 2mi lwl=1 TW — 1
(on 1 (w —r)(1/A2w"))" / o i
x I:A_n B 2_771 lw|=1 (w —w)(w' —r) (r— l/w )p(w)dw +i| ,O(W)dw,

R, =R, +

Ayr / (A (w))"
\

271 Sz rw — 1

X[ I R, / (w — (/22 w")"
lw'|=1

w-nr+-3 (w —w)(w —r)

oA p(w) dw’+~-] p(w) dw.

In particular, at leading order in p(¢) and p(¢), one has
)LZ n
A, ~ 1 +&/ Pron S CO
lw|=1

2w rw—1
and
)\'2 n
Ro~ Rt —— [ )2 0~y du,
271 Jyp)=1 rw—1

If we explicitly introduce the time dependence as follows from (5.2) and (5.12), this gives

2 n
Ra(r) ~ e 20 [R+<0) L / plw, 0y emomr AT dw} , 7.1)
2mi |lw|=1 rw—1

where p(w) is given by (5.13). Note thatin (7.1) 22 plays the role of a periodic Fourier variable,
which suggests that one should perform a change of variable and express the dispersion relation
in terms of A as well. From r(A + 1/1) = z + 1/z it follows that z = 5 &+ /n? — 1 and

1/z=nF/n? —1, where n = r(A +1/1)/2 and

72— 1)z =H2/r2(h+ 1/2)? — 4. (7.2)
Therefore, we can write the dispersion relation as

1) = £r( — 1/0)/r2(+ 1/3)% — 4. (7.3)

From equation (2.24) we have

—-r

A(w) =w v

pr— (7.4)

and therefore we can rewrite (7.1) as follows:

i . d
Ry (1) ~ e 20 [R+(0> T / (2 w))™ p(w, 0) e—‘*‘(“’“—w} . (15

271 J =1 w
Moreover, recall that w = A(w)/z(w), and therefore

d — 1 1
dw _zz Adz/dx i = dz i
w A z2



Inverse scattering transform for the integrable discrete nonlinear Schrodinger equation 1745

In order to obtain the expression of dz/dA, we use r (A + 1/1) = z + 1/z, which gives

dz 1—1/A%
—_— =y,
dx 1—1/z2

and finally
dw [, »=1/a7dx T, wO) i
—=|1-r — =l —,
w z—1/z] A rPA+1/A)2—4] A

where in the last formula we used (7.2). Substituting into (7.5) yields

21027 o _ n) 2+l = —m(x)rd_)‘
R,(t) ~e {R+(0) + i /,\=1 |:1 2010 —4 12 —4 A" p(,0)e e

(7.6)

where p()) is given by (7.3). As far as the contour of integration is concerned, this follows

from (7.4), knowing that w is on the unit circle. We already showed that [w| = 1 if and only
if |\| = 1, and in fact if w = €', 0 < 6 < 27 from (7.4) it follows

32 — oif e’ —r = o2t 4

rei? —1 q*

, g=1—re

and then as 6 spans the unit circle, so does A. Finally, to obtain a more traditional Fourier
representation, we perform one more change of variables and define y = A2. This leads to

R,(1) ~e 20 IR (0 L/ 1— n(y) "= L0)e T g
(me { O yl=1 rA(y+1/y+2) -4 R O '

- wu(y) e e
" 4z y|—1[ Vz(y+1/y+2)—4]y p(=/y,0)e" "y, (7.7

where from (7.3) it follows

wr) =riy+1/y =i (y +1/y +2) — 4. (7.8)

7.2. Linearization and small-amplitude limit via discrete Fourier transform

We now consider the solution of the linearized IDNLS equation. Recall that O, — Q1 =
0,e%@ as n — 400, with 0.(t) = 0.(0) + 2iQ§r. We then consider the ‘normalized’
discrete NLS equation for the rescaled field 0, = Q, e 20T,

iiQ = (Qni1 + 0w )1 = 1041 —2(1 — 0))0
dr n — n+l n—1 n 0 n

and define
0,(v) =™ 0(Q, +u,(1)).

If u, is small (that is, |u,| < Q,), neglecting terms quadratic in «,, one obtains the following
equation:

duy,
idL = (st + gy — 2u4) — 2Q3(“n +u,). (7.9)
T
We then seek for solutions of (7.9) in the form
oo
Ay, )= Y ¥y ua(®) i@ = [y ody. (2.10)
b n b n 27Ti b . .

n=—00 [yl=1



1746 M J Ablowitz et al

Note that

ui(t) = y a1y, v) dy

2mi

and substituting into (7.9) yields the following coupled system of ordinary differential
equations:

[yl=1

d
i, 1) = rr(y+1/y =iy, v) — 20y, v) + 1" (1/y, 1))

d
—i ' (1/y,7) = P2y + 1)y = 2)a*(1/y, ©) — 2Q%(@(y, v) + a*(1/y, 7))

or, callinga = éi(y, t) and b = a*(1/y, 1),

ij—i =ri(y+1/y —2)a —20%*(a+b) (7.11a)
.db 2 2
—i =1 0+ 1/y = 2b - 20(a+b) (7.11b)

with the constraint a(y, t) = b*(1/y, t). The above system implies

d*a ) )

g2 = Oy =Dy +1/y+2) - 4a,
whose general solution is given by

a(y.v) = Ay () e + Ay (y) e T, (7.12)
where

RO) =rV2 =y +1/yVA—r2y+1/y +2), (7.13)
and A;(y) and A,(y) are arbitrary functions. Similarly,

b(y, T) = Bi(y) e 07 + By(y) " (7.14)
and from the symmetry a(y, ) = b*(1/y, 7) it follows’

Bi(1/y) = A;(»).  j=12, (7.15)
where we have used that

wr(1/y) = pu(y). (7.16)

In order for (7.12) and (7.14) to satisfy system (7.11), A; (y) and A, (y) must satisfy a symmetry
condition. In fact, if we substitute (7.12) and (7.14) into (7.11) and make use of symmetry
(7.15), we obtain

2 1/y -2 —20?
r2(y+1/y 25#@) QoAl(y)_ (7.17)

Then, we can determine the arbitrary functions A;(y) and A,(y) in terms of the initial data,
as the following linear system:

As(1/y) =

A+ A =Y Y " un(0), (7.18a)

n=—00

5 With this choice of signs in (7.13), since | y| = 1 the argument of each square root is real and positive, and therefore
w*(y) = u(y); moreover, p is symmetric for the exchange y — 1/y.
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AT/ + A5y = D yT"uz(0), (7.18b)

n=—0oQ

which can be solved using (7.17), obtaining

20}
p[r2 (v +1/y = 2) + u(y) —202]

00 2 _ _ ) o0
x [ 3 VU0 + O+1/y=2)+uly) =20, 3 y”uZ(O):|. (7.19)

A(y) =

202
From (7.12) and the second part of (7.10) we then obtain

n=—00 n=—0o0

1 ~ i)t
(1) = o— [ YA T+ Ax () e dy, (7.20)
lyl=1
and consequently

e 10+(0)

R, (1) = e 20 {R+<0> .
21

/ YA/ y) e 0T + A3(1/y) €007 dy} :
[yl=1
(7.21)

‘We now compare this solution with the expression obtained from the small-amplitude limit of
the inverse problem. Comparing (7.21) with (7.7) yields

gy = SO n) ]

Ai(l/y) = — 5 [1 RETTES _4] yo(/y,0), (7.22a)
ey o O m) ]

A7y =—-— [ r2(y+1/y+2)—4]yp(_“/_’ 0). (7.22b)

As we show in the appendix, the symmetry (2.73c¢) for the reflection coefficients corresponds
to (7.17) for the functions A;(y) and A,(y) for any value of y on the unit circle.

8. Continuum limit

It is instructive to see how the solution of the discrete problem tends to the solution of the
continuous case in the limit 7 — 0, where £ is the lattice spacing. To study the correspondence
between the discrete to the continuous case, recall that

Oy = qnh, 0, = hqo, rr=1-h%q, z=c¢h 8.1
Then k = —i[log|z|+iarg z]/ h, and real values of k in the interval [—7r/ h, 7/ h] span the entire
unit circle for z. In particular, the portion of the unit circle with |[Rez| < r = V1 — hzqg,

corresponding to the continuous spectrum (see below), is mapped into two disjoint segments
of the interval [—7/ h, 7/ h], namely, [—ko, —ko] U [ko, ko] (cf figure 7), where
1 h -
ko = — arctan L, ko = T_ ko.
1 i} !

When i — 0, one has ky — go and ky — o0 so in the continuous limit one is left with only
the two branch points £¢ instead of the four £z¢ and £z;§. Moreover,

h2 2
r:,/l—h2q§~1—$+0(h4) 2~ 1+ikh+ 0. (8.2)
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Rez —1t/h kg | ko nh Rek
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Figure 7. The transformation for the spectral parameter z = ¢!, Note that kg = % arctan &2,
1=h=qg
and ko = T % arctan %2 The continuous case is obtained in the limit 7 — 0.

l*hzq0

(This figure is in colour only in the electronic version)

Thus, from (2.10) we obtain

cos(kh) cos2(kh) .
A= + /1_h2 > — 1~ 1%ihJk2 —gf+ O(?), (8.3)
J1—h%q; 40

where the signs + correspond to the upper/lower sheet of the Riemann surface, and the
exterior/interior of the unit circle when A is expressed in terms of the uniformization variable
¢. From the definition of ¢ (2.23) it then follows

v kh 2(kh
g = b | S8R oS i Je— g2 — k] + 00

< ,/1_h2q§ 1—h261§_
(8.4)

Here, however, it is not obvious what the role of the signs = is, apart from the fact that if we
choose k| to be the real value of the continuous spectral parameter corresponding to a discrete
eigenvalue ¢, then we expect |k;| < go and the two values of {; = ¢(k;) correspond to ¢;
and E 7, with the first one outside the unit circle, and the second one inside. Therefore, if we
define, in analogy with the continuous case,

v = ,/qg — kf > 0, —qo < kj < qo, (8.5)

one has

¢j=1—1ih(k; —iv;) + O(h?), ¢ =1—ih(k; +iv))+ 0%  (8.6)
such that

;1> =1 —2hv; + O(h?), 1Z;l =1 —hv; + O(h?), 8.7
whereas

;1% = 1 +2hv; + O(hY), ;] = 1+hv; + O(h?). (8.8)

Note also that from (A.22) it follows that tan ¢; = tan /| + O (h) and by the way the angles
are defined, one expects

¢ =7 — Y1+ O0(h). (8.9)
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Moreover, £; — 1/r = Q,/r e, which at order & gives

—i(k; —ivy) = goe'’, (8.10)
1.€., since kf + v12 = qo,

lﬁlz—%—argal <~ ¢ =arga) — /2, (8.11)
where oy = k; +iv;. Note also that we have

AZ(Ej) ~1—2hv; (real and smaller than 1) (8.12)
and |Ej|/(1 — |Ej|2) ~ 1/2hv;. Therefore, ‘rescaling’ the norming constant as follows:

C, = h¢, (8.13)
and writing from (8.12) A%(¢;) ~ e~2""/, we obtain

Xy ~ |26—vlj| e i |26_vlj| e 2vix as h— 0, nh— x. (8.14)
Then from (A.20) it is straightforward to obtain

A, — 1 as h—0 (8.15)

and (6.7) gives the solution corresponding to (1.2).

Acknowledgments

This work was partially supported by NSF grants DMS-0506101 and DMS-0602151.

Appendix

Here we present several relations which are useful in the development of the direct and inverse
scattering transforms and we provide the proof of several claims in the text.

Evaluation of |1|. The evaluation of |A| as given in (2.10) is an important issue. Let us first
consider the case of real £&. If £ € R and |£] > 1, then A € R and either |[A| > 1 or [A] < 1
(cf figure 1.) On the other hand, if § € R and |§] < 1,then A = & £i,/1 — &2 and |A| = 1.
Now, note that in terms of the original variable z = x +iy:

Ret = 2 (14 -1 me =2 (1 !
€5 = — —_ ], mé§ = — _—_—
2r x2+y? 2r x2+y?

and £ € R corresponds to either y = Imz = O or |z] = 1. If Imz = 0, then the condition
—1 < & < 1 corresponds to —2r < x + 1/x < 2r, which, since r2 — 1 < 0, is never satisfied.
Therefore, we are left with |z] = | and —2r < 2x < 2r, i.e. |Rez| < r. Hence, all points
on the circle |z] = 1 with |Rez| < r, are such that —1 < & < 1 and therefore |A| = 1.
It is possible to show that this condition is also necessary, i.e. that [A| = 1 — & € R and
—1 < & < 1. Note that z can also be expressed in terms of & as follows:

z=r(§+VE2—1/r?), lz=r(EFVE*—1/r?), (A.1)
with branch points at § = +1/r.
Proof of remark 1. We intend to show that (A\r — 2)? + Q2 = 0 iff z = %z or z = %z},

This can be done more easily in terms of the uniform variable ¢. Taking into account (2.8)
and (2.23) one has

r =22+ Q2 =—(r —2)(I/Ar — 1/2) + Q2 = =2r* +r(AJz+2/M) =r(C +1/¢ —2r)
(A2)
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and, since we proved that the continuous spectrum in the ¢-plane is mapped onto the
(punctured) unit circle, we see that for |¢| = 1 one has (A({)r — z(2))? + Qg = 0 if and
only if ¢ + ¢* = 2r, i.e. if and only if ¢ = r £1Q,. This shows that the Wronskians (2.15)
vanish only at ¢y, ¢;, which are image, in the {-plane, of the branch points z = £zg, £zj.

Location of the discrete eigenvalues in the z-plane. Consider a discrete eigenvalue z; and
suppose ¢, (zx) = (¢,§1)(zk)¢,(,2) (zk)) is a bound state, i.e. it decays fast as |n| — 0o0. One can
easily show from the scattering problem that

I8 o)’ = |62 @o|* = (1 = QuR)[|6" @] = [0 0[]

2 2

+(zel? = Do ol + (1 = QuRD|e" @0 (A3)
From the definition of A, in (2.38) it follows that 1 — Q,R, = (1 — Qg)A,,/A,M =
r2A, /Ay+1, and multiplying both members of (A.3) by r2=2 A, it follows that

r 2 Ao @ = [ @] = r 2 A ol |62 @]

—on— 2 —2n 2
+(lzl? = D[ A8, @O+ Aoy @0 -
Summing over all n one obtains

+00 A
n 2 2
Uzl =1 3 Sllo @ + o @] =o.
n=—oo

Noting that the expression in brackets is strictly positive, as well as A,, we conclude that
|zk| = 1.
Proof of remark 2. From (2.24) it follows |A|? < Liff [r¢ — 1| > |¢||¢ — r], i.e.

AP<T & (P =DUSP+1-r(+5%) <0
or equivalently

AP<T & (P =Dt —r?+07) <0
and we conclude that (2.25a) holds. Similarly, again from (2.24) it follows

P21 & g —rl=1glre —11.
Squaring both sides one obtains

P>1 & (P =DIEP+1— (¢ +¢M/r1<0.
Note further that 7> = 1— Q2 and therefore the term in square bracketis |¢ [*+1—1/r({+¢*) =
|t — 1/r|* = Q2/r%. We therefore conclude that the sign of |z|* — 1 depends on the

sheet of the complex z-plane and on whether the point is inside or outside the larger circle
£ —1/r| = Q,/r. Thus (2.25b) holds.

Relevant values of the mapping (z, 1) to ¢. Recalling that § = (z+ 1/z)/2r and ¢ = X /z, we
can calculate explicitly the image of various distinguished points in the z-plane. The results
are shown in table 1.

Note thatsince0 < r, O, < 1,onehas0 < 1/r—Q,/r <landl < 1/r < 1/r+Q,/r <
2/r and therefore all points on sheet I are mapped into points that are outside the unit circle
|¢] = 1, and all points on sheet II are mapped inside. Note also that (2.24) shows that any
given value of ¢ is in general the image of two different points on either one or the other
z-plane.

Green’s functions. To find the explicit expression for Green’s functions introduced in
section 2.3, let us write them in terms of the discrete Fourier transform, i.e.

1

GE(0) = z—mf PG (p) dp
|pl=1
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Table 1. Distinguished points in both sheets of the complex z-plane and their images.

z § A ¢
SheetI: A = & + /€2 — 1.
0 =r+i0, 1 1 =8
i 0 +i (above/below the cut) +1
—z5=-r+iQ, -1 -1 20 = %o
—1 —1/r —1/r—Q,/r 1/r+Qo/r
—z0 = —r —1iQ, —1 —1 232{3
-1 0 =+i (above/below the cut) Fl
p=r—1iQ, 1 1 20 = %o
1 1/r 1/r+ Qu/r 1/r+ Qu/r
0 ~1/2zr  ~2& 00
o] ~z/2r ~2¢& 1/r
SheetII: A = & — /2 — 1.
20=r+iQ, 1 1 =24
i 0 Fi (above/below the cut) Fl1
—z5=—-r+iQ, 1 -1 20 = %o
-1 —1/r —1/r+ Q,/r 1/r—Qu/r
I 4=
—i 0 Fi (above/below the cut) +1
5 =r—1Q, 1 1 20 = %o
1 1/r 1/r—Qo/r 1/r—Qo/r
2=0 ~/2zr ~E[1-(1-3672+2)] -
00 ~z/2r (1= (1= 58724 )] 0

which then satisfy, according to (2.44),

1 N 1 (z/h Qi/X\ AL
i |p|=1p [pG (P)_;(Ri 1/(zA)>G (p)} dp

1 /152 0\ 1 B
= - — "~dp.
r< O 1)27[1%,,:11) p

Therefore one has

GH(p) = 1 ([p — /rzYR 04/ () )
r(p—1D(p—1/2) Ry/(r}?) p—z/(rd),
and consequently
Gj:(é.) — L‘(f n—1 1 ([P - 1/(}"Z}\.)]/)\.2 Q:t/(r)"z) )
" 21i Jipm T r(p— D(p — 1/A2) Ri/(r2?) p—z/tn) )’
The integrals above depend only whether the poles 1, 1/A? are located inside or outside the
contour of integration. However, when |A| = 1, both poles are on the contour and one has
to consider contours that are perturbed away from |p| = 1 to avoid the singularities. In

particular, for the upper sign we consider a contour C° enclosing p = 0 and p = 1, 1/A?
and for the lower sign a contour C™" enclosing p = 0 but neither p = 1 nor p = 1/A%. The
residue theorem gives

1 f(p)

2 cout P —bj

ldp {(()bp“f(bj) n>l
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and
Y V) R {o w1
2ri cin P — b =t b)) n<0
for by = 1, b, = 1/A? for any function f(p) which is regular at b j» we obtain two Green’s
functions

outypy 1 [1—1/(rzM)]/A*  O_/(rA?)
G () =0n = 1)r(1 —1/A2) {( R_/(r)?) l—z/(rk))

_ 320D [1/A% = 1/(rza)]/A* 0_/(rx?)
R_/(r2?) 1/22 —z/(rd)

1 {([1 —1/rz))/A 04/(rA?) >
1/A2)

GO =20 RJCID 1= 2ftrh)
ey (D= 1/GZ0A 04/ ()
R./(rA?) 1/32 —z/(r)) '

Next, using (2.24) we finally obtain (2.45).

Neumann series. Consider the summation equation (2.62) for M, (¢), which we write in the
form

~ 1\ — _
M (¢) = (O) + 2 W), ()M (),

j=—00
where D; = diag(1, A(£)2V*1=") and W, (¢) is the energy-dependent potential matrix defined
in (2.58). A solution of the above equation can be sought for in the form of a Neumann series

M) =Y @),

where

n—1
V() = ( ) v = Y oW, @) k=0
j=—00
If the potentials f,, g,, h, in (2.60) are £, one can establish a bound on the )/n(k) such that the
series representation converges absolutely and uniformly in n and uniformly in ¢ in the region
|¢] = 1. In fact, we prove by induction on k that for |§| > 1:

n—1
W, (C)Ilk IIW I
lvP@) < > —=—< Z : (A.4)
j=—00 j=—00
where ||-|| denotes any matrix norm and ||[W;|| results from bounding each element of the

energy-dependent matrix potential W (¢) with respect to ¢, and hence its norm. Note that
the entries of W; then only depends on the functions f,, g,, h,, which are summable by
assumption. Recall that for || > 1 one has |A(¢)[?U*!'=" < 1 for any j < n and therefore
ID; ()]l < 1 as well. Using the recursive definition for y,*) we then obtain
n—1
[ED@) < D IDOIW Ny @
j=—00
n—1
|Wm||k W 1"+
W; < —_—
<Em g U<

Jj=—00 m=—00
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and in the last inequality a summation by parts formula (cf, for instance, [16]) was used. The
bounds in (A.4) are absolutely and uniformly summable in k if [W|; = > % IW;| < oo
and this completes the proof.

iy

WKB expansion for the eigenfunctions. The coefficients of the Laurent series for the
eigenfunctions can be obtained by means of a WKB expansion. Let us write the large-¢
expansion of the eigenfunctions M, (¢) and N, (¢) as

MO @)=Y MOt MP @) =) M (A.5a)
= k=—1
NP@) =Y ONDRE NP =) NPk (A.5b)
k=0 k=0

Note that from (2.24) it follows

2 _ _ zoO j /e J+2 2_£ 2OQ +2 5 j
i =rfe = Q0 K/ =24 00y /6T (A6a)

Jj=0 j=0
/02y =r—03) rl /e, = - + 0’ Z /ey, (A6h)
j=0

As a consequence, substituting (A.5) and (A.6) into the scattering problem (2.31) we obtain

r ZMr(li)lk k: Z M}El).k—l/;k +70, ZM’(ZZ),k—l/{k _ Qan Z 1/;‘ ZVJM,EZ)‘k_j_z
k=0 k=1 k=0

k=1
(A7)
=) k
Z M [k =R, ZM““‘/; +r Z MP*F [k — 023 1k Y M
k=—1 k=—1 k=0 j=0
(A.7b)

Equating the coefficients of the different powers of ¢ gives a coupled set of difference equations.
In particular, k = —1 yields

M@~ =1 (A.8a)
(taking into account the boundary conditions) and k = 0 in (A.7a) gives
M0 = 0,1, (A.8D)

i.e., the first of (2.63a). Then the equations (A.7) can be solved iteratively, anchoring the
iteration from (A.8). In fact, one has

k
rAMP* = R,MV — Q23 " ri P! k=0,1,...
j=0
k—1
rMU = MO 0 MPHRT = 020, THMPHATIT k=12,

n+l
Jj=0
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where A denotes the shift operator, i.e. Af, = f,+1 — f,. Then, we can write

I‘M,EZ)’k _ ”21: [Rij(l)’k _ R_Milgék] _ Q(Z, Xk:re nXE [MJ(Z),kfi—l _ MiZg(,)k—Z—l]
j=—00 =0 Jj=—00
k=0,1,... (A.9a)
k—1
rM = MDA 0, MPR — 020, i MPET k=1,2,..., (A9b)
j=0

where the terms in square brackets are subtracted out so that the corresponding series are
convergent. For example, we can easily obtain
n—1 n—1
2),0 2 1.1 2 2
rMP0= 3" [RiQ;1— Q] rM' =0, 1+ 0s Y [RiQj1— Q] - 020,
j=—00 j=—00

(A.10)

and so on. Similarly, substituting (A.5) and (A.6) into the scattering problem (2.31b) for
N, (¢), at leading order yields

R,NDO = NP0 p2ND0 = N0 40, N0,

n+l
Substituting the first one into the second one, we then get the difference equation
NDO _ 1 — QOuR,
=—

n+l

N,El)’o,
whose solution can be written as
1
N =a/A,,
where A, is defined by (2.38) and « is an arbitrary constant. If the limits n — +oo and
¢ — oo commute, we expect N0 ~ r as n — +o0o, which, since 1/A, — 1 asn — +00,

fixes « = r. Then we obtain the second of (2.63a). For the other coefficients of the Laurent
expansion (A.5b) for k > 1 one has the equations

k—1
2 a7 (1)K 1),k 2 1),j..—k+j 2),k
PN = NOF+ 02 N 4 0, NP
j=0
k—1
2 A7(2),k—1 1),k 2 1),j,.—k+j 2),k
PN = RNDF 4+ Q2R Y TN 4 p N
=0

We multiply the second equation for Q,, and subtract it from the first one, thus obtaining
k=1
2 a7 (1),k 2 A7 (2)k—1 1).k 2 1,j . —k+j
PN = 0N T (= QRN+ 02 NI R (1 - 0, R,)
j=0
k=1
PN@* = FAN@A-T R,NO* — Q2R, ZN’EI),]’,—IH]—I

n+l
Jj=0

which can be solved iteratively. Let us introduce for all k > 1 the functions <p,(,j W A, NY ok,

Taking into account the definition of A,,, we see that (1 — Q,R,)A,41 = r2A,, and therefore
multiplying the first equation by A, yields
k—1
AVt = 0, T+ 02 T gl k=1,2,...
j=0
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which can be explicitly solved

> k—1 oo
Dk — (2).k—1 2).k—1 2 —k (1),¢ 1).¢
AN = = 30 AN = QNS = 033 ST AN - N,
j=n =0 j=n
(A.1la)
and together with
k-1
rN,fz)’k — erlﬁ)l,k—l . RHNIEI),k _ Q(Z,Rn ZNél),jr—k+j—1 (A.11b)
j=0

complete the recursion. Similarly, from the behavior of (2.31a) as { — 0 one obtains (2.63).
We now discuss the asymptotic behavior of eigenfunctions and scattering data at points »
and 1/r. The scattering problem (2.315) for M, about { — r becomes

- —r)/0?

On\ -
_r(;. _ r)R”/Q{% , )Mn(g) ; — r

rMnH(;) ~ <

and if we assume
) MO0+ (¢ — Py 4.
Mn(f) ~ Mglz),o + (; _ r)MSlZ),l 4.
we obtain the first of (2.64), where the choice of the constant is compatible with the limit as
n — —oo corresponding to (— Q2 /r, —R_)T = (r — 1/r, —R_)". The same expansion as
¢ — r for N,(¢) yields the second of (2.64). The expansions for M, (¢) and N,(¢) about
¢ = 1/r are obtained in a similar way.

Proof of remark 3. Let us first prove part (a). From remark 1 it follows that if z € C, then
& €]—1, 1[ and therefore A = & £+ i,/1 — &2, Then |A| = 1, and hence |¢| = |A|/|z] = 1.
Conversely, take ¢ such that |¢| = 1; then from (2.24) it follows that |z(¢)|* = 1. Moreover,
from remark 2 one also has |1(¢{)| = 1, and therefore one has —1 < & < 1 which, recalling the
definition of £ = (z + 1/z)/2r, and since |z| = 1 < 1/z = z*, implies that —r < Rez < r,
ie.z eC.

We now prove part (b). Suppose that z € D. Then & € |—1/r, —1[U]1, 1/r[ on either
sheet, and consequently 1 = & + /&2 — 1 € R. The claim is that such z is mapped onto the
circle |¢ — 1/r| = Q,/r in the ¢-plane, i.e. onto the locus

1> —2Rel/r = —1. (A.12a)
Observe that for z € D one has |¢]> = |A|> = A? and Re¢{ = Re(Az*)/|z]> = ARez and
therefore, in terms of A, z, the locus (A.12a) becomes

AL —2Rez/r) = —1. (A.12D)

Taking into account (A.1) and recalling that for z € Ditis& € |—1/r, —1[U]1, 1/r[, it follows
that Rez = r& and

A—2Rez/r=—(EFVE2—1)

hence, recalling (2.10), one can check that (A.12b) is indeed satisfied. Conversely, if one
takes an arbitrary ¢ on the circle | — 1/r| = Q,/r, then |¢|> = 2Re ¢ /r — 1 and from (2.24)
it follows that |z(¢)|* = 1. Then, taking into account the result of (a), one necessarily has
ze€D.

Derivation of (2.82). Since the diagonal terms of T vanish when evaluated at a discrete
eigenvalue, equations (2.81) can be written as
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a) ldz ad B .o
b(&)  zde i, j;oo (‘1’j+1Zo-3\Il,)21(Ck) (A.13a)
a’ (&) 1dz ° » )

T ozde VinZos¥, : A13b
b(é-k) Z d;‘ =t j;oo ( Jj+l g3 ./)12(§k) ( )

where we used that 71, (Zx) = b(Z) and T» (&) = b(&;). Now note that from (2.24) it follows
ldz  r r—2rc+1
zdc 20 —-nG¢ -1

and, from (2.15b) and (2.38),

e (e ()

YW e g0 )T e e e
Therefore, calculating \IljﬁrllZag ¥ ; and substituting into (A.13) we obtain
ag) 1 1 N
b 2@ -G —1) j;oor '

x [2@0v 2 CT? @ + T v P (G0 /@] (A.14a)
a@ 1 ! S “2 A
bGo 2@ NG —1) j;wr :

() (1) (1 )
X[Z(Ck)wj V2 (G + V5 (Ek)lﬁj_l(é“k)/Z(é“k)]- (A.14b)

Now observe that since the discrete eigenvalues in the z-plane are located on the unit circle,
in correspondence of any z; it is z; = 1/zx and therefore the discrete eigenfunctions satisfy
an additional symmetry:

A6 — 2(&)
rA(G) — 2(5)
R,

Un (&) = o1, (&) (A.15a)

Va(Gr) = o1¥, (&) (A.15b)
which allows us to express the second component of the discrete eigenfunctions in (A.14) in
terms of the first one and obtain (2.82).

Reconstruction of the one-soliton solution (6.7). Let us introduce the short-hand notation
A, B, = x? for (6.5), where
ICil 16 =7l 5, -
Xp = ——=— A7 (C))".
0, 1P
Note that x, > 0, since we showed that A%({;) € R and |¢;] < 1. The condition
| — 1/r| = Q,/r is equivalent to

151 —rl = Qoltil (A.16)
and therefore we can also write
- 121 -
o = G —E G2 @y, (A17)

L= g2
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Note also that

PR
—1 . _
0.C, = QJ?J—An = —Ci ™ "R2E))"
1~ r
Then, since from (3.7) one has C; = =%|C;|e¥1—%), it follows that Q.C, is also real.
Correspondingly, from (A.17) it follows that Q,C, = F|C;|(A*(£;))" = —Bx,, where

B=—1aP/14l (A.18)

Note that 8 > 0, since |{;| < 1. Combining these results, we can write

_LF Bxy —x;

.= i . A.19
1 —[&1]x2 A1

Now note that A2({;) < 1 and therefore x, — 0 as n — +o00 and x, — 00 as n — —00,
which means that the denominator becomes zero, and therefore A, becomes singular, unless
there is a cancelation with the numerator. In any case, one has A, — 1 as n — 400 and
A, — 1/1Z1|> > 1 asn — —o0. Let us factorize both numerator and denominator of (A.19)

_ (:31 _xll)(:B2+xn)
(1 = [&1lxn) (1 + &1 ]x,)
Note that 88, = 1, which means that one of the two roots is greater than 1 and the other one

is smaller than 1. Also, they have the same sign. Moreover, 81 — 2 = F8 < 0, so for the
upper sign it is 8, > B and for the lower sign 8; > . Explicitly,

_ /16 £x) (ST Fx0) _ 18] F x
A= 1&lx) (L +181x) 1S F [S1lxa)
Of these two expressions for A,, the one corresponding to the upper sign is singular, while

the one corresponding to the lower sign is regular for all n. Correspondingly, we obtain for
the potential the two expressions

n

(A.20)

n

rol— |El|2 = Xn
R, =R:|1F G —r——=—1- (A.21)
I:F |§1|xn

Again, the expression corresponding to the lower (upper) sign is regular (singular). This can
be further simplified by noting that, from (A.16), we also have

rl—aP . r SRR
— G- ===,
;a4 Q
where ¢; = arg({; — r) and it can be expressed in terms of 1/, as follows:
tangy = Y1 (A.22)
Q, +cos Y

We therefore finally obtain, for the expression corresponding to the lower sign, (6.7).

Equivalence of different representations of the linear limit. Here, we show that the symmetry
(2.73c) for the reflection coefficients corresponds to (7.17) for the functions A (y) and A, (y)
for any value of y on the unit circle. Taking into account (2.73c¢), equations (7.17) and (7.22)
yield

1(y) PO+ 1/y =2+ -20; [1— 1(y) }
r2(y+1/y+2)—4 202 PPy+1/y+2)—4]"
(A.23)
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Moreover, from definition (7.3) of 12 () it follows that

1+

1(y) Hl_ 1) ]__ 40;
r2(y+1/y+2)—4 PPy+1/y+2)—4 | r2(y+1/y+2)—4

and therefore (A.23) is equivalent to

’

. 1(y) T oy = () —20]
P2(y+1/y+2)—4| P2(y+1/y+2)—4

which is identically satisfied.
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