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ABSTRACT: Nanostructuring of a material leads to enor-
mous effects on its excited state properties. This study, through
the application of different state-of-the-art ab initio theoretical
tools, investigates the effect of size on the electronic gap of
germanium nanocrystals highlighting similarities and differ-
ences with respect to equivalent silicon nanostructures. We
performed both GW and ΔSCF calculations for the
determination of their electronic structure. While it is known
that ΔSCF corrections to the Kohn−Sham gap vanish for
extended systems, the two approaches were expected to be
equivalent in the limit of small clusters. However, it has been recently found that for hydrogenated Si clusters the ΔSCF gaps are
systematically smaller than the GW ones, while the opposite is true for Ag clusters. In this work we find that the GW gaps are
larger than the ΔSCF ones for all the Ge dots, with the exception of the smallest one. Such crossing between the ΔSCF and the
GW gap values was not expected and has never been observed before. Moreover, also for hydrogenated Si nanocrystals we found
a similar behavior. The origin of this crossing might be found in the Rydberg character of the LUMO of the smallest clusters and
can also explain the qualitative differences in the comparison between GW and ΔSCF found in the previous studies.

■ INTRODUCTION

The possibility of tailoring the electronic and optical properties
of nanostructures simply by changing their size opens the way
for the application of these systems in a variety of different
fields, ranging from opto-electronics to photovoltaic devices.
Many different materials, such as Si, CdTe, and III−V materials
have seen their electronic gap engineered through the control
of the size of the structures they constituted. Empirical or ab
initio calculations, at the level of density functional theory
(DFT), are able to capture qualitatively this effect. Nonetheless,
to describe it in a more accurate way, it has often been
necessary to go beyond standard ground state DFT
calculations, using the so-called ΔSCF method within the
DFT framework,1 or the more sophisticated, but computation-
ally demanding, GW approximation within the many-body
perturbation theory (MBPT) framework.2,3 For a long time the
two theoretical approaches have been considered almost
equivalent in the limit of small cluster diameters. However,
recent studies on Si4 and Ag clusters5 have shown that the two
methods are not equivalent. Moreover the discrepancy between
the two methods is qualitatively different for the two systems:

the ΔSCF gaps are larger than the GW ones in the Ag clusters
case, while, on the contrary, in Si clusters the ΔSCF gaps are
smaller than the GW ones.
Recent scanning-tunneling spectroscopy (STS) experi-

ments6,7 have measured the strong dependence of the
electronic gap of Ge nanodots on their size. As expected,
quantum-confinement effects lead to a strong increase of the
gap when the dot diameter was reduced. Despite the simplicity
of these systems and the analogy with their, more extensively
studied, Si counterparts, only ΔSCF calculations of their
electronic gap have been reported.8 On Ge, no systematic
investigation of their electronic gap within the MBPT
framework has been carried out yet.
In this work, we present calculations of quasiparticle gaps for

hydrogenated Ge nanocrystals of increasing size, with diameters
ranging from 0.6 to 1.6 nm, using both ΔSCF-LDA and the
perturbative GW method.
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Our results show that, already for small clusters, the
discrepancy between the two methods cannot be neglected,
in agreement with previous results on Si4 and Ag clusters.5

However, neither the Si, nor the Ag clusters scenario is found in
our case: while the GW gaps of the larger dots exceed the
ΔSCF value (as in Si clusters), the value of the GW gap of the
smallest Ge dot under investigation is smaller than the ΔSCF
(as in Ag clusters). This peculiar crossing between the results of
the two approaches required further investigation: we thus
extended our study to the review of the Si dots case, finding a
similar trend. As will be discussed below, the Rydberg character
of the lowest empty state is responsible for this result.
Theoretical Background and Computational Details.

The DFT Kohn−Sham method, while providing an excellent
description of the ground state properties of materials, yields
strongly underestimated electronic band gaps. The DFT KS
gap Eg

KS of the N particle system, defined as the energy
difference between the lowest unoccupied Kohn−Sham orbital
(LUMO) and the highest occupied Kohn−Sham orbital
(HOMO), is related to the quasiparticle gap, as measured by
direct and inverse photoemission or by STS, through the
discontinuity δ of the exchange and correlation (xc) potential
when an electron is added to the system:

δ ε ε= + = − + −+
+ −E E v vN

N
N

N
g g

KS
1

( ) ( )
xc xc (1)

where εN+1
(N) (εN

(N)) is the lowest unoccupied (highest occupied)
Kohn−Sham eigenvalue of the N-particle ground state DFT
calculation. Since the discontinuity of the xc potential gives a
substantial contribution9,10 in eq 1, an accurate evaluation of
the quasiparticle gap requires either to go beyond a single
ground state calculation for the N electron system, or to move
from the standard Kohn−Sham formalism to a so-called
generalized Kohn−Sham scheme that employs nonlocal xc
potentials.11,12

It is still possible to address the issue of the fundamental gap
within the DFT framework if one starts from its definition in
terms of electron affinity EA and ionization potential IP. This
definition gives the fundamental gap in terms of the ground
state total energy (Etot) of N, (N + 1), and (N − 1)-electron
systems:

= − = + −+ −E E E EIP EA 2N N Ng 1
tot

1
tot tot

(2)

As a result, within this so-called ΔSCF scheme, the
determination of the fundamental electronic gap is in principle
achieved at the computational cost of three DFT ground state
calculations.1 However, as the xc potential is unknown in its
exact form, the application of this theory relies on
approximations for the xc functional (such as LDA, GGA,
etc.): we will refer to the use of the LDA functional within a
ΔSCF calculation as ΔSCF-LDA.
The Green’s function formalism provides a legitimate way to

access the single-particle excitation energies, which appear as
the poles of single-particle Green’s functions. Within this
scheme, it can be shown that quasiparticle energies are the
solution of a single-particle equation in which the quasielec-
trons experience the external (Vext(r)) and Hartree (VH(r))
potentials, and a nonlocal, non-Hermitian, energy-dependent
potential given by the electronic self-energy Σ(r,r′, ω).2
Neglecting vertex corrections, Σ is approximated by the

product of the single-particle Green’s function (G) and the
screened Coulomb interaction (W), namely Σ = iGW. The GW
approximation for the self-energy is the state-of-the-art

theoretical tool for the calculation of band-structures and
electronic properties of materials, surfaces, and nanostructures.
However, its application to large systems is often limited by the
computational effort that it requires.
It is useful, following ref 13, to identify the missing

contribution to the band gaps of the KS scheme as δΣ, and
the one of ΔSCF-LDA as Δ, namely:

= + δΣ = + ΔΔE E Eg g
KS

g
SCF

(3)

For extended systems the use of continuous (with respect to
the particle number) xc potentials like the LDA one in eq 2
leads to ΔSCF gaps equal to the Kohn−Sham gaps (i.e.,
strongly underestimated), so for bulks we have that Δb = δΣb.
Concerning confined systems, it was argued in ref 13 that the
surface self-energy contribution, which is a macroscopic surface
polarization term, can be well described by solving eq 2 within
LDA. Moreover, assuming that the exchange contribution to
the gap correction for the finite systems is the same as in the
bulk, it was shown in ref 13 that the only correction that is
missing to the ΔSCF results in the case of 0-D systems is given
by the bulk self-energy term (∼0.5 eV for Ge).

Computational Details. All ground state geometries were
obtained with the use of the PWSCF code,14 using norm-
conserving LDA exchange-correlation pseudopotentials, and an
energy cutoff for the plane-wave expansion of the wave
functions of 30 Ryd. The Ge pseudopotentials included
nonlinear core corrections. The supercell used for each
calculation is reported in Table 1. Spin−orbit coupling

corrections to the DFT HOMO−LUMO gap in hydrogenated
Ge clusters of similar sizes are less than 0.1 eV,15 therefore
spin−orbit coupling has not been included in our calculations.
The GW calculations on the Ge dots have been performed

with use of the Yambo-code.16 All the calculation parameters
have been carefully converged until the electronic gap changed
less than 0.1 eV. The calculation parameters such as the bands
included in the calculation of the RPA dielectric matrix (bands
χ0), the dimension in terms of G-vectors of the RPA dielectric
matrix (NG χ0), and the number of G-vectors in the calculation
of the exchange part of the self-energy (NG Σx), are listed in
Table 1. We have employed a spherical cutoff of the Coulomb
potential in order to avoid the spurious interaction between
dots belonging to neighboring supercells and to speed up the
convergence of the GW calculation with respect to the supercell
size.17

The ΔSCF calculations were performed with use of the code
octopus.18 The LDA19 is employed in the adiabatic
approximation for the xc potential and the electron-ion
interaction is described through the same norm-conserving

Table 1. Calculation Parameter for the DFT Ground State
and GW Calculations

dot supercell
lattice parameter

(bohr)
bands
χ0 NG χ0 NG Σx

Ge5H12 cubic 40 500 4000 30000
Ge10H16 cubic 30 550 3000 5000
Ge35H36 cubic 50 900 4000 16000
Ge87H76 cubic 60 1000 6400 98745
Si5H12 cubic 40 500 1500 30000
Si10H16 cubic 50 530 10000 10000
Si35H36 cubic 40 1000 10000 20000
Si87H76 cubic 60 1000 15000 40000
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pseudopotentials20 used for GW calculations. The Kohn−Sham
equations are represented in octopus in a real-space regular
grid, for which we used a spacing of 0.275 Å that guarantees the
convergence of all calculations. The simulation box is
constructed by joining spheres centered around each atom,
whose radius goes from 0.65 to 1.55 nm depending on the size
and the charge of the cluster.

■ RESULTS
We have studied tetrahedrally coordinated Ge nanoparticles of
increasing diameter (from 0.6 to 1.6 nm). The dangling bonds
of the surface Ge atoms have been saturated by hydrogen, and
the structures fully relaxed to their ground state14 within DFT-
LDA. The resulting geometries of the three larger Ge clusters
are shown in Figure 1. A test calculation including the spin

degrees of freedom within the local-spin density approximation
(LSDA) revealed that the ground state of these systems is
nonmagnetic. Starting from the same relaxed geometries we
have performed both GW16 and ΔSCF-LDA calculations.18

The results of the calculations are listed in Table 2. A

qualitative description of the quantum size effects can already
be obtained at the LDA Kohn−Sham level, as can be seen from
Table 2: the Kohn−Sham gap increases from 2.5 to 5.7 eV.
Apart from the peculiar case of the Ge5H12 cluster, the
correction to the Kohn−Sham gap is larger for the clusters with
a smaller diameter in both ΔSCF-LDA and GW approaches. As
a result, the quantum-size effect is enhanced with respect to the
LDA Kohn−Sham level of description. Such enhancement can
be understood in terms of image-potential effects: these push
up (down) empty (filled) states close to the cluster boundary,
leading to an increase of the gap in small nanoclusters.13

For the three largest clusters the GW gaps are larger than the
ΔSCF-LDA ones; however, the smallest cluster under study,
Ge5H12, reveals an atypical behavior: the GW gap is smaller
than the ΔSCF-LDA one. Indeed, the ΔSCF calculation for
such a small cluster is particularly cumbersome because the
electron added to the system to obtain the total energy EN+1

tot of
the negatively charged cluster is not bound in LDA. This

implies that its wave function has a very large spatial extent,
which makes it hard to converge the calculation. As expected,
looking at the square modulus of the wave function of the state
that becomes the GW-LUMO in Figure 2a, we see that the
largest part of the state is localized away from the cluster.

Actually, the GW corrections change the character of the
LUMO, which at the DFT level is a state localized close to the
cluster. This is schematically shown in Figure 2b: within GW
calculations, while the Kohn−Sham LUMO of the Ge5H12 dot
is pushed high in energy, the LUMO+8 state becomes the new
GW quasiparticle LUMO since it is almost not affected by GW
self-energy corrections. In numbers: the Kohn−Sham LUMO
+8 state, which lies close to the vacuum level, is shifted upward
by 0.2 eV while the Kohn−Sham LUMO is shifted upward by
as much as 2.5 eV.
This unexpected behavior of the Ge5H12 cluster made us look

for differences and analogies in the, in-principle, similar case of
hydrogenated Si dots, for which a similar effect had not been
reported.4 After relaxing the structures, we calculated the
ΔSCF-LDA and GW gaps of Si5H12, Si10H16, Si35H36, and
Si87H76. The results are listed in Table 3. In contrast with
previous results,4 we find that Si5H12 has the same behavior as
Ge5H12: the GW gap is smaller than the ΔSCF-LDA one, the
GW corrections change the character of the LUMO which
corresponds to the KS LUMO+14 state, and the new LUMO is
mainly localized at a distance from the cluster, just like the GW-
LUMO of the Ge5H12 cluster.
Also in the case of Si dots, a qualitative description of the

quantum size-effects can be obtained at the LDA Kohn−Sham
level, where the Kohn−Sham gap increases from 2.6 to 5.7 eV
in agreement with previous calculations.21 The Si10H16 and
Si35H36 ΔSCF gaps are about 0.6 eV larger than the
corresponding gaps calculated in ref 4 (the values in
parentheses in Table 3). A similar overestimation of the gap
(0.6 and 0.9 eV, respectively) can be found for the GW results.
The slightly larger discrepancy of the GW calculations can be
addressed to the different GW scheme used in ref 4 where a full
TDLDA screening, and the off-diagonal terms of the self-energy
operator in the KS basis are taken into account. For the Si5H12
dot, the distance in energy between the GW-corrected KS-
LUMO and the GW-HOMO is 9.9 eV, that is 0.5 eV smaller
than value reported in ref 4 for the gap of this system. This lies

Figure 1. Ground state geometries of three of the Ge clusters under
study: (a) Ge10H16 d = 0.7 nm, (b) Ge35H36 d = 1.4 nm, and (c)
Ge87H76 d = 1.7 nm.

Table 2. Quasiparticle Gaps Calculated within the ΔSCF-
LDA and the GW Methods for Ge Clusters of Increasing
Diameter

dot
diameter
(nm)

DFT
(eV)

ΔSCF-
LDA
(eV)

GW
(eV)

GW-(ΔSCF-
LDA) (eV)

GW-
DFT
(eV)

Ge5H12 0.60 5.7 8.9 8.4 −0.5 2.7
Ge10H16 0.76 4.8 8.1 8.3 0.2 3.5
Ge35H36 1.15 3.5 5.9 6.5 0.6 3.0
Ge87H76 1.56 2.5 3.6 4.6 1.0 2.1

Figure 2. (a) Square modulus of the Kohn−Sham single-particle wave
function of the state LUMO+8 of Ge5H12. The plotted surface is the
set of points where the charge density is at the 10% of its maximum
value. (b) Schematic representation of the effect of the GW
corrections on the ordering of the KS-levels. The GW LUMO was
the LUMO+8 in DFT-KS.
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within the range of variation found for the other dots and for
the ΔSCF calculations.
According to Tables 2 and 3, we can see that the gaps of Si

and Ge dots are similar when their diameters are comparable. A
possible crossing of the HOMO−LUMO gaps of clusters of the
two materials when the diameter is reduced has been debated.
Indeed, a crossing is predicted within the effective mass
approximation theory, taking into account the different effective
masses of the holes and electrons in bulk Ge and Si.22 However,
previous theoretical works (see ref 8 and references therein) do
not show evidence of such crossing. Our calculations confirm
the conclusions of these works. The deviation from the effective
mass approximation might be explained by the nonparabolicity
of the bands, and by the fact that the bulk values of the effective
masses for the holes and electrons are not transferable to small
clusters, due to the band-folding and mixing of states. In our
case only the Ge35H36 cluster has a larger gap than the
corresponding Si dot. This behavior can be understood in terms
of the combination of three different effects: (i) the GW
corrections to the DFT gaps (last columns of Tables 3 and 2)
follow nicely the dependence on the nanocrystals diameter, i.e.,
larger corrections for smaller size; (ii) the starting LDA energy
gaps are quite similar for Ge and Si nanocrystals with the same
number of atoms, a consequence of the much larger Bohr
radius of bulk Ge (24.3 nm) with respect to bulk Si (4.9 nm),
i.e., the quantum confinement effect is stronger for Ge than for
Si; and (iii) Si-bulk has a larger DFT-KS gap than Ge-bulk and
comparable GW corrections.23 Starting from a slightly smaller
DFT-KS gap, and having a slightly smaller GW correction, the
Si35H36 cluster ends up having a smaller GW gap than its Ge
counterpart. In contrast, Si10H16 has a slightly smaller gap at the
DFT-KS level as well, but a larger GW correction ending up
with a slightly larger gap than Ge10H16.

■ DISCUSSION
In Figure 3 we compare our ΔSCF-LDA and GW results with
previous calculations and experiments for the Ge dots under
study. The electronic gap of Ge nanocrystals was measured6,7

through the analysis of I−V curves of scanning tunneling
spectroscopy (STS) measurement (squares and crosses in
Figure 3). The theoretical ΔSCF points, as calculated by
Melnikov et al.,8 agree well with our ΔSCF-LDA calculations
for both Ge and Si nanoparticles. Apart from the smallest
clusters, the GW gaps are systematically larger than the ΔSCF
ones, the difference being larger for increasing dot sizes. The
extrapolation to lower diameters of the experimental results of
ref 6 (using the function Eg = a1 + a2d

(−a3), where Eg is the QP
gap, and d is the dot diameter) is in agreement with the GW
points (full circles in Figure 3), while the curve obtained from
the experimental data set of ref 7 is not in agreement with
either theoretical result.
Reference 6 (squares in Figure 3) reported a strong

quantum-confinement effect in Ge quantum dots, with an
electronic gap that goes from 0.7 eV for a 85 nm dot to 1.8 eV

for a 5 nm dot. In ref 7 (crosses in Figure 3) the quantum-
confinement effect is weaker. The difference between the two
experimental data sets can be addressed to the different type of
growth. Both experiments were carried out on Ge-dots grown
on Si/SiO2 substrate, but the quantum dots of Nakamura et al.7

were grown, epitaxially, at high temperature, on the Si substrate
to which the dots were connected through ultrasmall voids in
the SiO2 film. In ref 24 it was shown that, for SiGe nanowires,
the quantum-confinement effect is reduced in the presence of a
Si/Ge interface. The epitaxial growth of the Ge-dots directly on
the Si substrate, through the voids of the SiO2 layer, leads to a
Si/Ge interface, and can thus explain the reduced quantum-
confinement of the data presented in ref 7.
In Figure 3, the full and dashed lines are the result of the fit

of the experimental data to the function Eg = a1 + a2d
(−a3),

where Eg is the QP gap, and d is the dot diameter. The effective
mass approximation25 predicts a 1/d2 behavior of the electronic
gap with respect to the cluster size. However, the scaling
extracted from experimental data is typically slower than 1/d2,
mainly because of the non truly parabolic character of the bands
and of screening effects.26 Also in our case, a3 = 0.89 for the
experimental points from ref 6 and a3 = 0.95 for the ones of ref
7. In principle, the a1 parameter should be equal to the bulk
minimum band gap (dashed line in Figure 3). However, fitting
ref 7 experimental points, we obtain a1 = 0.95 eV, higher than
the value of the Ge bulk band gap. It is shown that the gap of
bulk Si/Ge alloys increases with its Si content.27 The high value
of a1 for ref 7 experimental points can thus be explained by the

Table 3. Quasiparticle Gaps Calculated within the ΔSCF-LDA and the GW Methods for Si Clusters of Increasing Diametera

cluster diameter (nm) DFT (eV) ΔSCF-LDA (eV) GW (eV) GW-(ΔSCF-LDA) (eV) GW-DFT (eV)

Si5H12 0.58 5.7 9.3 (9.2) 8.9 (10.4) −0.4 (0.94) 3.2
Si10H16 0.73 4.6 8.1 (8.7) 8.632 (9.2) 0.5 (0.52) 4.0
Si35H36 1.10 3.4 5.8 (6.4) 6.2 (7.1) 0.4 (0.7) 2.8
Si87H76 1.49 2.6 4.4 5.1 0.7 2.5

aThe results from ref 4 are in parentheses.

Figure 3. Scaling of the energy gap of Ge nanocrystals with respect to
their diameter. Open symbols represent ΔSCF results, while filled
symbols are the GW values of the quasiparticle gap; crosses and
squares are experimental results. Blue squares: experimental STS
results from ref 6; green crosses: experimental STS results from ref 7;
red open triangles: theoretical ΔSCF result from ref 8; red open
circles: ΔSCF-LDA results; black filled circles: GW results. The solid
blue (dashed green) lines correspond to the fitting of the experimental
points of ref 6 (ref 7) to the function Eg = a1 + a2d

(−a3) (see the text).
The black horizontal dashed line is the Ge bulk band gap value. Inset:
Zoom of the graph at low diameters.
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presence of Si/Ge alloy at the Si/Ge interface (such interface is
not present in the case of ref 6 for which the fit gives a1 = 0.56
eV).
Besides the case of the smallest nanoparticles, we find that

ΔSCF-LDA gaps are always smaller than GW ones (see Table
2). The difference between the results of the two methods
increases with the diameter for the Ge systems while this
growth is less evident for the Si ones. Apart from the smallest
dots, such findings are in agreement with theoretical
calculations concerning the IP and the EA of hydrogenated Si
dots of ref 4. Altogether these results suggest that the picture of
ref 13 is oversimplified. In ref 13 it was in fact suggested that for
0-D systems the missing contribution in the ΔSCF-LDA
approach Δ is approximately given by the bulk self-energy term,
namely Δ ≈ Δb. In Figure 4 Δ − Δb, as given by eq 9 in ref 13,

is plotted as a function of the dot diameter for both the Si and
Ge dots. Clearly Δ − Δb deviates from zero and is negative for
the smaller clusters and positive for the largest clusters under
study. Moreover, we see in Table 2 that the deviation of the
ΔSCF-LDA results from the GW ones exceeds the Ge bulk self-
energy correction (Δb ≈ 0.5 eV) in case of the Ge nanocrystal
with a diameter ≤1.6 nm. The GW approximation embodies,
unlike ΔSCF-LDA, dynamical effects and, more importantly, a
nonlocal exchange potential. Nonlocal exchange is more
efficient in opening the gap than local exchange, so it might
be expected that GW gaps are consistently larger than ΔSCF-
LDA gaps. Indeed this happens for most of the cases. However,
ΔSCF-LDA results cannot be thought of as lower bound values
of the QP gaps: in the case of the smallest clusters under study
and of the small Ag clusters studied in ref 5, the GW gaps are
smaller than ΔSCF-LDA ones. In the case of the semi-
conductor clusters the reason for this behavior can be found in
the delocalized nature of the conduction band minimum. Such
nature, typical of Rydberg states, determines a completely
different effect in the self-energy shift of the single-electron
energy level, which is 1 order of magnitude lower with respect
to the quasiparticle shift of the other conduction states. In
principle, Rydberg states should be bound states. However, the
LDA potential is not able to describe them correctly due to its
long-range exponential decay. As a consequence, image states
result often unbound at the DFT-LDA level. In such cases, the
LDA Kohn−Sham wave function is likely a bad approximation
to the quasiparticle one, and a full diagonalization of the

quasiparticle Hamiltonian would be required.28 This is what
happens for the LiF(001)-(1 × 1) surface29 and jellium
clusters.30 For these systems the determination of the
quasiparticle wave function beyond DFT-LDA was needed.
Moreover a recent calculation on small hydrogenated carbon
clusters31 using time-dependent density functional theory
(TDDFT) shows that a better agreement with experiments is
achieved when Rydberg states are treated more accurately by
using hybrid functionals. Interestingly, in ref 31 the poor
description of Rydberg states was responsible for a too large
gap in the TDDFT spectra within the adiabatic LDA
approximation. All these facts suggest that also for our smallest
clusters the gaps obtained within ΔSCF-LDA are larger than
the GW ones due to the wrong asymptotics of the LDA xc
potential.

■ CONCLUSIONS
In conclusion we have computed the quasiparticle gaps of
hydrogenated Ge nanocrystals of increasing size within the GW
approximation and the ΔSCF-LDA methods comparing them
with the best known nanosystems based on Si.
Although both methods give large corrections with respect to

Kohn−Sham gaps, we find that the two approaches are not
equivalent. The difference between the two methods increases
when the dot diameter increases, but it does not follow a
smooth predictable trend. In general, the GW gaps are larger
with respect to the ΔSCF-LDA ones; however, the smallest
cluster shows an atypical behavior, related to the Rydberg
character of its LUMO which is badly described by using the
LDA. We found a similar behavior also in the case of Si5H12.
Due to a poor description of Rydberg states within LDA, more
sophisticated calculations, including, for instance, the diagonal-
ization of the quasiparticle Hamilonian or the use of hybrid
functionals, are envisaged for a quantitative determination of
the HOMO−LUMO gap. Finally, we have shown that
deviation of the ΔSCF-LDA results from the GW ones can
clearly exceed the bulk self-energy correction.
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