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Abstract: Coupling between electromagnetic cavity fields 
and fluorescent molecules or quantum emitters can be 
strongly enhanced by reducing the cavity mode volume. 
Plasmonic structures allow light confinement down to 
volumes that are only a few cubic nanometers. At such 
length scales, nonlocal and quantum tunneling effects 
are expected to influence the emitter interaction with 
the surface plasmon modes, which unavoidably requires 
going beyond classical models to accurately describe the 
electron response at the metal surface. In this context, the 
quantum hydrodynamic theory (QHT) has emerged as an 
efficient tool to probe nonlocal and quantum effects in 
metallic nanostructures. Here, we apply state-of-the-art 
QHT to investigate the quantum effects on strong coupling 
of a dipole emitter placed at nanometer distances from 
metallic particles. A comparison with conventional local 
response approximation (LRA) and Thomas-Fermi hydro-
dynamic theory results shows the importance of quantum 
effects on the plasmon-emitter coupling. The QHT pre-
dicts qualitative deviation from LRA in the weak coupling 
regime that leads to quantitative differences in the strong 
coupling regime. In nano-gap systems, the inclusion of 
quantum broadening leads to the existence of an optimal 
gap size for Rabi splitting that minimizes the requirements 
on the emitter oscillator strength.

Keywords: plasmonics; strong coupling; nonlocal 
response; hydrodynamic model; fluorescence.

1  �Introduction
A quantum emitter placed nearby a plasmonic structure 
shows a drastic change [1–8] in its radiation dynamic prop-
erties compared to its interaction with the vacuum fields. 
Such light-atom interactions are of particular interest for 
applications in quantum computation [9, 10], biosensing 
[11, 12], nanolasing [13] and active plasmonic devices [14]. 
When the coupling of a photon emitter with the surround-
ing plasmonic cavity is large enough so that the energy 
exchange happens before it is lost (or decayed) in the 
system, it is possible to enter the strong coupling regime 
where the emitter can reversibly exchange photons with 
the close-by environment, leaving a signature in the optical 
emission spectra widely known as Rabi splitting [15–18].

Strong coupling in light-matter interactions requires 
highly enhanced optical fields and small cavity volumes 
[19]. The latest developments in the nanotechnology and 
nanofabrication techniques [20–23] allow the engineering 
of metallic structures supporting localized surface plas-
mons able to squeeze light in ever smaller nanovolumes, 
thus, offering an excellent platform to explore strong elec-
tromagnetic coupling in plasmonic cavities [19, 24].

The largest optical field confinement can be achieved 
in metallic structures with a few- nanometer or even sub-
nanometer inter-particle distances [25–27]. Recent experi-
ments on systems characterized by such small length 
scales have shown phenomena that go beyond classical 
electrodynamics [28–34]. These phenomena are caused 
by purely quantum mechanisms [35], such as electron 
spill-out, quantum tunneling and confinement, or by 
semi-classical effects [36], such as the nonlocal optical 
response of free-electrons.

Nonlocal effects can be formally described by the 
general relation between the displacement and elec-
tric fields, ( , ) ( , ; ) ( , ) .dω ε ω ω= ′ ′ ′∫D r r r E r r  Typically, the 
optical response is characterized by short-range inter-
actions, which in most cases can be approximated by a 
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purely local interaction, i.e. ε(r, r′; ω)  ε(r, ω)δ(r–r′). At 
few-nanometer length scales, however, this local response 
approximation (LRA) breaks down, and nonlocal cor-
rections must be considered. The simplest corrections 
beyond the LRA are obtained by including the Thomas-
Fermi (TF) electron pressure into a hydrodynamic-like 
description of the free-electron gas [37]. In this approxi-
mation, the equilibrium density is often assumed to be a 
constant and boundary conditions are imposed in order 
to prevent the electron from escaping the metal surface 
(hard-wall boundary conditions).

Purely quantum effects, by contrast, typically require 
the density functional theory (DFT) formalism [38], which 
allows a description of the interaction of single electron 
states [39]. A time-dependent (TD) DFT has been recently 
used to explore electron tunneling in nonlinear nano-
plasmonics [40, 41] and to study the impact of the atom-
istic nature of matter on plasmonic systems [42]. Methods 
based on DFT are, however, computationally very expen-
sive and are limited to small clusters, although efforts 
to increase their range of applicability are continuously 
being made [43–46]. Yet, by definition, nanoplasmonics 
concerns (non-interacting) collective states. It is then rea-
sonable to describe free-electrons in a metallic system by 
a single collective quantum-like state. This can be done 
through the quantum hydrodynamic theory (QHT) which 
accounts for density-gradient (∇n-dependent) correction 
to the total internal electron energy and spatially-depend-
ent equilibrium charge densities [47–51]. The advantage of 
QHT is that it can be applied to large systems that are out-
of-reach of DFT calculations. This theory has been very 
recently applied in a tunneling regime to investigate non-
local and quantum effects, showing good agreement with 
TD-DFT calculations [52].

Quantum emitters are characterized by strong eva-
nescent fields that quickly decay away from their close 
proximity. The closer they are to a nanoplasmonic system, 
the more efficiently their fields can probe nonlocal and 
quantum effects in the metal response [1–4]. Recent 
studies have highlighted the impact of nonlocality on 
single-emitter weak coupling [53–55], as well as in plas-
mon-exciton systems in the strong coupling regime [56]. 
Quantum effects have also been investigated in metals, in 
plasmon-exciton systems [57], and in molecules, beyond 
the point-dipole approximation [21].

In this article, we theoretically examine the dynam-
ics of a single quantum emitter placed at nanometer and 
sub-nanometer distances from nanoplasmonic systems 
(Figure 1). We show that, at such distances, the hydro-
dynamic theory (even in the TF approximation) leads 
to a significant difference from the LRA. To account for 

quantum effects in the metal, we employ a state-of-the-
art QHT [50], which allows the study of nonlocal, electron 
spill-out and quantum broadening effects. We find a sig-
nificant qualitative deviation between models in the weak 
coupling regime that leads to quantitative differences 
in the strong coupling regime. In nano-gap systems, the 
inclusion of electron spill-out and quantum broadening 
leads to the existence of an optimal gap size for Rabi split-
ting that minimizes the requirements on the emitter oscil-
lator strength. This is in contrast with LRA results where 
Rabi splitting increases indefinitely as the gap shrinks. 
Our analysis is performed on systems the size of which 
have experimental relevance. Finally, the impact of d-
band electrons in noble metals is examined.

2  �Results and discussion

2.1  �Theoretical framework

In a general hydrodynamic description, the linear nonlo-
cal relation of the polarization vector P(r, ω) and the elec-
tric field E(r, ω) is described by the equation [47–50]:

r r r

LRA TF-HT

n0 = const. n0 (r)n0 = const.

QHT

n1 = δ (r)

g = σ ≡ 0
ε (ω)

σ ≡ 0
g (n)

n1(r) n1(r)

Emitter

Plasmonic
system

Induced charge

σ (n,    n)
g (n,    n)∆

∆

Figure 1: Schematic of a close interaction of an emitter with the 
induced electron density in the metallic system.
On the bottom is a summary of the three different response models. 
In the local response approximation (LRA), the induced charge 
density is a Dirac delta function centered at the metal surface; in the 
Thomas-Fermi hydrodynamic theory (TF-HT), electrons accumulate 
near the metal surface without being able to escape; in the quantum 
hydrodynamic theory (QHT) the equilibrium density is exponentially 
decaying across the metal surface and the induced charges are 
smeared both inside and outside the metal-air interface.
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where e and m are, respectively, the magnitude of the 

charge and the mass of the electron, 0
1( , ) ( )n n
e

ω = + ∇⋅r r P 

is the electron density with n0 being the equilibrium 
charge density, γ is the phenomenological damping rate 
and ωp(n0) is the plasma frequency. The first term in Eq. 
(1) takes into account electron-electron interactions and 
represents the quantum pressure. In particular, g is the 
first-order term (with respect to perturbations of n) of 
the functional derivative of the energy functional G, i.e. 

1

[ ] .G ng
n

δ
δ

 
=     The complexity of the energy functional 

sets the level of approximation of the QHT. In this article 
we will take G[n] as the sum of the TF kinetic energy 
functional, the von Weizsäcker (vW) correction and the 
exchange-correlation (XC) energy term in the limit of the 
local density approximation, i.e. G[n, ∇n] = TTF[n] + TvW[n, 
∇n] + EXC[n]. The second term in Eq. (1) has the form of a 
viscoelastic tensor and takes into account the nonlocal 
damping [58, 59], which is especially relevant for geom-
etries with small features [50]. Explicit expressions for 
these functionals can be found in Refs. [49] and [50].

If we set both g = σ ≡ 0, Eq. (1) reduces to the usual 
Drude model in which the relation between E and P is 
purely local. We will refer to this approximation as LRA. 
In the TF hydrodynamic theory (TF-HT) only the TF kinetic 
energy functional is considered, i.e. G[n] = TTF. In this 
approximation we will also set σ = 0 and n0 = constant in the 
metal volume throughout the article. The principal charac-
teristics for each approach are summarized in Figure 1.

Coupled to the continuity equation and Maxwell’s 
equations, Eq. (1) describes the optical response of metals. 
In its general form it takes into account nonlocal elec-
tron response, electron charge spill-out, size-dependent 
absorption and retardation effects. We have implemented 
this system of equations in a finite-element method (FEM) 
commercial platform using a 2.5D scheme [49, 50, 60] for 
axis symmetric structures. The single-molecule emission 
is approximated by a point-like dipole field and its inter-
action with the plasmonic system is implemented using a 
scattering field formulation that avoids numerical compli-
cations due to the singularity of the dipole field (see the 
Methods section for more details).

In order to study the strong interaction of the emitter 
with the metallic system described by Eq. (1) we employ 
the method developed by Alpeggiani et  al. [61], which 
allows the study of non-perturbative effects by evaluat-
ing the perturbative photon emission decay rate. In this 

framework, the power spectrum (averaged over the solid 
angle) emitted to the far-field by a point-like dipole in 
proximity to a metal nanostructure is given by [61, 62]:

	
tot( ) ( ) ( ) ( ).

2
S q Sω

ω ω γ ω ω
π

= ′
�

� (2)

where the dipole spectrum S′ is defined as:

	

2

0 tot

1( ) = ,
1[ ( )]
2

S
i

ω
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where ω and ω0 are, respectively, the emitted frequency 
and the dipole transition frequency, γtot = γr + γnr is the 
perturbative dipole decay rate (including radiative and 
non-radiative contributions), δω the photonic (anoma-
lous) Lamb shift, and q = γr/γtot is the quantum yield of 
the system, which gives the probability that a transition 
of the emitter results in photon emission to the far-field 
as opposed to being absorbed by the nearby environment.

S(ω) is the energy radiated by the dipole at frequency 
ω. Since no external excitation is present in our system, 
S(ω) represents the number of photons of energy ℏω 
emitted in the far-field per unit of time in all directions. 
Evaluating this quantity corresponds to measuring lumi-
nescence in experimental setups. The quantity S′(ω), by 
contrast, represents the total number of photons emitted 
by the molecule, including those that are lost (absorbed) in 
the plasmonic environment and do not reach the far-field.

All the quantities introduced can be calculated from 
the electromagnetic fields as detailed in the Methods 
section.

2.2  �Spheres

Before delving into the strong coupling regime calcu-
lations, it is interesting to observe the impact of non-
local and quantum effects on near-field and far-field 
optical properties by comparing the electromagnetic 
local density of states (LDOS) ρ(r0, ω) and the extinction 
spectra, respectively. In the following, we normalize the 
extinction cross-section to the geometric cross-section 
(πR2 for spheres and 2πR2 for sphere dimers), which yields 
the extinction efficiency qext. Similarly, we normalize the 
LDOS to the free-space LDOS, ρ0(ω) = ω2/(π2c3). Moreover, 
since the dipole parallel component is quenched at very 
small distances from metal surfaces [63], we only consider 
a dipole normally oriented with respect to the close-by 
metal surface.
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Figure 2 depicts the extinction efficiency and the 
LDOS enhancement spectra for Drude-like Na spheres of 
radius R varying from 2.5 nm to 20 nm. The LDOS refers to 
the states that can be excited by a point-like dipole placed 
at d = 1 nm from the nanoparticle, normally oriented (as 
shown in the inset of Figure 2B). The QHT results are 
compared against the LRA and the TF-HT calculations. 
It is interesting to notice that for the smallest particle 
(R = 2.5 nm) both the extinction and the LDOS are strongly 
affected by the model used to describe the metal particle. 
The LRA extinction shows the usual dipole resonance at 

p / 3,ω ω=  which appears shifted toward the blue in the 
TF-HT spectra and toward the red in the QHT spectra [48]. 
The TF-HT shows a set of resonances above the plasma fre-
quency due to longitudinal modes [37]. These modes are 
not visible in the QHT spectra, due to additional nonlocal 
losses introduced by the viscoelastic tensor [50], which 
visibly broadens the dipole resonance. As the particle size 
increases, the extinction spectra for the different models 
converge to the same curve, as would be expected. Sur-
prisingly, this is not the case for the LDOS spectra, which 

remain neatly different even for the largest nanoparticle 
(R = 20 nm). The LRA spectra show a set of new resonances 
in addition to the dipole resonance that tend to sum up 
into a large super-resonance peak around p / 2ω ω=  for 
bigger particles. Note that this is the surface plasmon res-
onance condition for a flat surface. The limit of a dipole 
infinitesimally close to the sphere is, in fact, equivalent 
to a dipole nearby an infinitely large sphere. The TF-HT, 
however, displays resonances above the LRA limit p / 2,ω  
as already pointed out by Christensen and co-authors 
[54]. More interesting is the fact that as the particle size 
is increased, the TF-HT spectrum seems to build up simi-
larly to the LRA case, although this time into a much 
broader resonance above p / 2.ω  For the QHT spectra, 
with respect to the extinction, everything is blurred by the 
presence of nonlocal losses, which are always large due to 
the fact that the dipole is extremely close to the metal sur-
faces. Although broad, a resonance can be seen converg-
ing below p / 2ω  for larger distances. Similar results have 
been recently observed by Gonçalves et al. [64] using the 
Feibelman d-parameters approach, in which the surface 

0.4 0.5 0.6 0.7 0.8
ω/ωp ω/ωp

0.9 1 1.1 0.5 0.6 0.7 0.8 0.9 1 1.1

LRA
TF-HT

R
R

QHT

A B

R = 5.0 nm

R = 10 nm

R = 20 nm

R = 2.5 nm

10–2
102

104

106

102

104

106ρ/
ρ 0

102

104

106

102

104

106

10–1
100
101
102

10–3
10–2
10–1
100
101
102
10–3
10–2
10–1
100
101
102

10–3
10–2
10–1
100
101
102

q e
xt

Figure 2: Far-field versus near-field properties for metallic spheres of different radii R, for the local response approximation (LRA), Thomas-
Fermi hydrodynamic theory (TF-HT) and quantum hydrodynamic theory (QHT) models, respectively.
(A) The extinction efficiency spectra. (B) The normalized local density of states (LDOS) for states excited by a normally oriented dipole 
placed at a fixed distance d = 1 nm. In our calculations we assumed a Drude-like metal with bulk parameters ℏωp = 5.89 eV and ℏγ = 0.066 eV 
corresponding to sodium (Na).
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effects are embedded in an effective frequency-dependent 
parameter. The QHT, however, goes beyond purely surface 
effects and offers a full nonlocal (k-dependent) descrip-
tion of the free-electron dynamics, which is particularly 
relevant when the emitter is in very close proximity to the 
metal surface. In the QHT spectra, a new resonance can be 
seen right below the bulk plasma frequency ωp, persisting 
even for the largest particle. It is, however, hard to identify 
the nature of the mode in question since the field maps 
are mostly characterized by the strong evanescent fields 
of the dipole.

Next, we fix the particle radius at R = 20 nm and we 
vary the distance d of the emitter from the nanoparticle. 
Figure 3 shows the spontaneous (total) and radiative emis-
sion rate enhancement, γtot/γ0 and γr/γ0, respectively, for 
all considered models. As expected, at large distances 
(d = 16 nm), all models converge to an identical spectrum, 
in which the dipole resonance is clearly distinguishable 
from higher order modes. As the distance is reduced, we 
obtain, for the total rate, similar results as for the LDOS in 
Figure 2 for the largest particles. Interestingly, the radiative 
decay rate enhancement remains similar for all distances, 
throughout the different models. This is not unexpected 
since γr takes into account only those modes that radiate 
to the far-field. It is worth noting in all the spectra the 
presence of an antiresonance associated to a minimum in 
the radiative emission rate. This antiresonance behavior 
corresponds to the situation in which the induced dipole 
moment has an equal amplitude and opposite phase to 
the emitting dipole, resulting in an almost-zero radiation 
to the far-field.

This can be easily seen in the dipole-dipole approxi-
mation where the radiative decay rate enhancement 
reduces to [65]:

	

26

r
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2( 1)1 .
2
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R d

γ ε
γ ε

 −= +   + + � (4)

Assuming a Drude-like dielectric constant for the 

nanoparticle, i.e. 
2
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+
 we obtain the following 

antiresonance condition:
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As the distance d → 0, the antiresonance ωar → ωp. At 
frequency ωar, the radiative decay rate enhancement is 
minimum and its value is:

	

2
3 3 4r
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3 (1 / ) 2 (1 / ) ( ).
4

d R d R O
γ γ

γ
γ ω

  = + + + +   
� (6)

From Eq. (6) it can be seen that the minimum value 
decreases monotonically with d. This is quite evident in 
Figure 3 for the LRA and TF-HF, but it is not the case for the 

QHT, where r

0 min

γ

γ
 increases going from d = 2 nm to 1 nm. 

This fact can be related to spill-out effects, where classical 
formulas break down. In Figure 4 we plot the equilibrium 
and induced charge densities, n0 and n1, respectively, along 
the z-axis as a function of the distance from the emitter for 
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Figure 3: Normalized total and radiative decay rates for an emitter placed near a metallic sphere (as in Figure 2) with a fixed radius of 
R = 20 nm; the emitter is normally oriented with respect to the metal surface and placed at distances d (shown in nanometers).
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the QHT. Contrarily to the other models (LRA and TF-HT, 
for which there is no electron spill-out), in this case the 
emitter is overlapped with the electron density tail that 
decays exponentially away from the particle’s ion edge.

It is worth pointing out that although exact electro-
dynamic solutions exist for both the LRA [66] and the 
TF-HT [54, 67] cases, their implementation involves infi-
nite sums of higher-order multipoles. While higher-order 
multipole contribution to radiative rates is negligible, this 
is not the case for non-radiative rates [68], especially if 
small distances between the dipole and the metal surface 
are considered. The numerical evaluation of these large 
analytical sums may limit the minimum distance that can 
be practically computed to 1  nm. Our FEM implementa-
tion based on the scattering field formalism (see Methods 
section) allows calculation of the non-radiative decay 
rates also for sub-nanometer distances.

The quantities analyzed so far are independent (besides 
a scaling factor) from the dipole moment p of the molecule. 
The non-perturbative quantities defined in Eqs. (2) and 
(3), by contrast, strongly depend on these parameters. 
Figure 5A shows the power and dipole spectra (S and S′, 
respectively) as a function of the emitter frequency ω0 for a 
dipole moment of p = | p | = 25.7 D. As the emitter frequency 
is swept, anti-crossing appears around the main peak in 
the total emission rate spectrum. Interestingly, this is a 
dark mode that can be clearly seen in the S maps as a dark 
horizontal line around p / 2.ω ω=  The possibility of strong 
coupling with dark modes was already pointed out by Delga 
et al. [69] where a collection of quantum emitters interact-
ing with a metal nanoparticle was theoretically analyzed. In 

contrast, the dipolar and the quadrupolar modes appear as 
light horizontal lines, although they do not show any strong 
coupling. Another interesting feature clearly visible in the 
S maps of Figure 5A is the deep horizontal line associated 
to the antiresonance in the radiative decay rate spectra. 
Because this is a far-field effect, there is no strong inter-
action with the emitter. The strong coupling between the 
emitter and the nanoparticle is clearly visible for all models 
in the dipole spectrum S′ maps (second row of Figure 5A).

The analysis of Rabi splitting is more easily done in 

terms of the dimensionless oscillator strength 
2

0
2

2
3
m p

f
e
ω

=
�

 

of the emitting dipole rather than the dipole moment. 
Figure 5B shows the dipole spectrum S′ as a function of 
the oscillator strength for ω0 tuned at the peak of γtot. From 
these maps it is possible to roughly identify the oscilla-
tor strength necessary to observe Rabi splitting, namely 

LRA TF
th th0.05, 1f f� �  and QHT

th 2.f �  The oscillator strength 
threshold for the TF-HT and the QHT is more than one 
order of magnitude bigger than the LRA case. While this 
is somehow expected in the QHT case because of the 
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and ℏω0 = 4.00 eV for the quantum hydrodynamic theory (QHT) 
calculations, respectively.
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extra losses due to viscosity, it is a surprising result for 
the TF-HT. In fact, although similar systems have already 
been investigated by some of the authors of this article 
[70], this result has not been observed before. On the con-
trary, Tserkezis et  al. [56, 71] have demonstrated robust-
ness of strong coupling against nonlocal corrections, 
when collective emitters are considered. As we will see 
later, however, this behavior is hindered in the vicinity of 
noble metal systems, since photon emission spectra are 
strongly affected by d-band transitions.

2.3  �Sphere dimers

Metallic structures that are characterized by few-nanome-
ter or even sub-nanometer inter-particle distances achieve 
the largest optical field confinement [25, 29] and smallest 
optical cavity volumes, and are ideal candidates for achiev-
ing single-molecule room temperature strong coupling [56, 
62, 70–72]. We consider dimers of Drude-like Na spheres 
of radius R and gap size g = 2d. As in the previous section, 
it is instructive to first analyze far-field against near-field 

properties. Figure 6 shows the extinction efficiency and 
normalized LDOS spectra for dimers characterized by a 
fixed gap g = 2 nm for different sphere radii. The extinction 
spectra refer to an incident plane wave the electric field 
of which is polarized along the dimer axis, and the LDOS 
spectra refer to the states that can be excited by a point-like 
dipole placed at the center of the gap and oriented along 
the dimer axis, as shown in the insets of Figure 6A and B, 
respectively. The QHT results are compared against the 
LRA and the TF-HT calculations. Contrarily to the single 
sphere of the previous section, in the dimer system, it is 
possible to clearly observe higher order resonances as R 
increases. As expected, the dipole resonance clearly shifts 
toward lower energies. In particular, in the LDOS spectra, 
the dipole resonance is always clearly distinguishable 
(for all models), even for the larger dimers, contrarily to 
what we observed for the single spheres. As we will show 
later, this allows a strong coupling of the molecule and the 
dipolar mode. Differences between the LRA, TF-HT and 
QHT are analogous to the single sphere case.

In Figure 7A we plot the spontaneous (total) and radia-
tive emission rate enhancement for different gap sizes and a 
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Figure 6: Far-field versus near-field properties for metallic dimers constituted by identical spheres of various radii R, for the local response 
approximation (LRA), Thomas-Fermi hydrodynamic theory (TF-HT) and quantum hydrodynamic theory (QHT) models, respectively.
(A) The extinction efficiency spectra for a fixed gap size g = 2 nm. (B) The normalized local density of states (LDOS) for a dipole parallel to the 
dimer axis and placed at the center of the gap, i.e. d = 1 nm. Material parameters as in Figure 2.
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fixed particle radius for all considered models. Similarly to 
the single sphere case, at large gaps (and larger emitter dis-
tances), all models converge to the same spectrum for both 
γtot and γr. At such large gap sizes (g = 32 nm), nonlocal and 
quantum effects are indeed expected to be negligible. As 
the gap closes, differences between models start to emerge, 
although, they show qualitatively similar resonances below 
the plasma frequency. The total decay rate enhancement 
reaches similar peak values at the dipolar resonance, but 
it tends to increase at lower energies in the QHT spectra 
because of the stronger losses due to the viscosity term in 
Eq. (1). Also in this case, it is possible to identify the antires-
onance behavior in the radiative emission rates, although 
no simple analytical formulas are known for dimers.

Let us now study the strong coupling regime. Figure 7B 
shows the power and dipole spectra as a function of the 
emitter frequency ω0 for g = 2d = 2 nm and a molecule with 
a dipole moment of p = 25.7 D. As anticipated earlier, it is 
possible in this case to clearly see anti-crossing behavior 
around the dipolar mode as well other higher order radia-
tive modes, on top of the coupling with the dark mode 
observed for the spheres. The dipole spectra as a function 
of the oscillator strength in Figure 8 show that all models 
predict a similar threshold fth ~ 0.5 for a gap g = 2 nm (or 
d = 1 nm). For a smaller gap, g = 1 nm (or d = 0.5 nm), the 
oscillator strength threshold reduces to fth ~ 0.1 for the 
LRA and TF-HT, while the QHT spectra become too broad 
to identify any threshold. Interestingly, when nonlocal 
broadening is considered, there appears to be an optimal 
gap distance for being able to observe strong coupling. 
Figure 9A shows the dipole spectrum for different values 
of the dimer gap size, i.e. the distance from the emitter. 
The LRA and the TF-HT predict a similar behavior: as the 

gap shrinks, the coupling strength increases generating 
a Rabi splitting that increases indefinitely. In the case 
of the QHT, the Rabi splitting appears for a sufficiently 
large coupling but disappears for the smallest gap size, 
as mentioned above. This peculiar behavior is due to the 
increase of losses as the emitter overlaps with the elec-
tron density tail, as shown in Figure  9B. This is clearly 
visible in the log-scale plot, where the self-consistent 
QHT density accounts for a non-zero charge density value 
in the gap region.
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Figure 7: Emission properties of a single molecule placed at the center of a plasmonic dimer.
(A) Normalized total and radiative decay rates for an emitter placed at the center of a metallic sphere dimer as shown in the inset for a fixed 
radius of R = 20 nm; the emitter is parallel to the dimer axis and placed at distances d = g/2 (indicated in nanometers) from the particles. 
(B) Power and dipole strong coupling spectra as a function of the emitter frequency ω0 for a dipole amplitude of p = 25.7 D.
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local response approximation (LRA), ℏω0 = 2.46 eV for Thomas-
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respectively.
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Although in this work we approximate the emitter as 
a point-dipole source, in this overlap regime, the effects 
due to the finite size [21, 73] of the light source might not 
be negligible, and would require a more sophisticated 
description of the emitter. One possibility would be to 
use the QHT to describe both the metal structure and 
the emitter. In this case, the charge transfer between 
the emitter and the structure and the nonlocality of the 
emitter would also be considered.

2.4  �Gold structures

So far we have considered Drude-like metal nanoparticles 
and even if we considered parameters for sodium, our 
previous results still remain nearly ideal. Although this 
was useful to understand the underlying behavior of the 
systems, it is also important to characterize the impact of 
more practical materials. Any plasmonic experiment is in 
fact performed using noble metal nanoparticles.

Figure 10A shows decay rate enhancements for a gold 
sphere dimer characterized by a gap g = 2 nm. The spectra 
are clearly affected by the larger losses due to interband 
transitions. This also strongly impacts the strong cou-
pling regime as shown in Figure 10B and C. We cannot 
distinguish an anti-crossing or a Rabi splitting behavior. 
Instead, as we increase the dipole strength (Figure 10C) we 
can only observe a shift of the emitter frequency towards 
lower energies. This is due to the dielectric component 
(εcore) of the gold permittivity in the high-end part of the 
visible spectrum.
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In order to avoid this issue, we consider a dimer consti-
tuted by two sharp tips or cones, as depicted in the inset of 
Figure 10D. We limit, however, the sharpness of the struc-
ture to a radius of curvature of the tip of rtip = 0.4 nm. The 
cone dimer allows the dipolar resonance to shift towards 
lower energies, increase its strength and at the same time 
reduce the mode volume. These properties allow observa-
tion of a Rabi splitting for oscillator strength of the order 
of fth ~ 0.1 for the LRA and TF-HT and fth ~ 0.2 for the QHT, 
as shown in Figure 10E. Figure 10F shows the norm of the 
scattered field |Es | = | E – Edipole |, Edipole being the electric 
field associated to the dipole. The impact of the electron 
density spill-out is clearly visible for the QHT maps.

Although the impact of d-band electrons is detrimen-
tal for observing strong coupling, atomistic features [42, 
74] in real systems might provide some extra field con-
finement, allowing strong coupling observation in real 
systems [72]. Another important role could be played by 
the spatial extension of real molecules [21], which goes 
beyond the point dipole approximation used in this work.

3  �Conclusions
In this paper we have investigated the impact of nonlo-
cal and quantum effects on the strong coupling of a single 
emitter placed in extremely close proximity to plasmonic 
nanostructures. At such distances, when non-radiative 
modes become predominant, the hydrodynamic theories 
lead to a significant deviation from LRA calculations. 
We have shown that strong coupling with dark modes in 
metallic spheres can lead to an increase of the oscillator 
strength threshold at which Rabi splitting can occur by 
about one order of magnitude if nonlocal and quantum 
effects are considered. This suggests that it might be possi-
ble to observe single-molecule strong coupling by properly 
engineering doped semiconductor nanoparticles in order 
to reduce the impact of nonlocal and quantum effects at 
lower frequencies. By considering nano-gap plasmonic 
sphere dimers, we show that it is, in principle, possible 
to realize strong coupling of molecules with radiative 
plasmonic modes and observe Rabi splitting for realistic 
oscillator strengths (f  0.5). Quantitative and qualita-
tive differences are predicted when quantum effects are 
considered. Electron spill-out and quantum broadening 
limit the minimum gap size that can be used to observe 
Rabi splitting. We also performed calculations for gold 
systems and showed that d-band electrons could be very 
detrimental to the observation of strong coupling. None-
theless, resonance splitting in the extinction spectra [72] 

and fluorescence spectra [75] has been observed experi-
mentally. It is worth pointing out that our calculations 
still predict strong coupling interactions (i.e. a shift of 
the dipole frequency) in gold structures, although a clear 
observation of Rabi splitting is hindered. As mentioned 
above, this could be, however, circumvented by properly 
engineering specific geometrical features that reduce the 
mode volume or shift the plasmonic modes toward lower 
frequencies.

Moreover, while we have employed a sophisticated 
method to describe the plasmonic environment, we have 
still considered the molecule in the point-dipole approxi-
mation. It is not excluded then that in very close proximity 
of the metal surface, where strong field gradients occur, 
the nonlocal nature and spatial extension of the emitting 
molecule could become very important. This problem 
could be solved in the near future by using the QHT to 
describe the emitter as an extended quantum-dot rather 
than an ideal point-dipole.

4  �Methods
The total spontaneous emission rate γtot for an emitter 
located at position r0 can be calculated from Fermi’s 
Golden Rule as [63, 76]:

	

2
tot 0 0

0

( , ) | | ( , ),
3
πω

γ ω ρ ω
ε

=r p r
�

� (7)

where p is the dipole transition moment and ρ is the elec-
tromagnetic LDOS. We can express the LDOS using the 
system’s dyadic Green’s function, G as:

	
p p2
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π
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where pn̂  is the dipole moment unit vector. Analogously, 
the Lamb shift can be calculated by [77]:
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where P denotes the Cauchy principal value and Gsc is the 
scattering part of the Green function obtained by decom-
posing it as G = G0 + Gsc, G0 being its value in free space. 
The Lamb shift expression can be simplified if the lower 
bound of integration is extended to –∞ which allows the 
application of the Kramers-Kronig relation [62]:
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In our computational framework, the dyadic Green 
function can be calculated from the field scattered back 
by the environment to the dipole as:

	
2

0 0 c( , ) ( , ) ,ω μ ω= ⋅E r G r r p � (11)

where μ0 is the permeability of free space (we assumed 
the relative permeability of the medium to be 1) and pc 
is the classical dipole moment (not to be confused with 
the dipole transition moment p = pc/2). The electric field 
E = Es + Ei is obtained in the scattering field formulation by 
solving the following equations:
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with Es being the scattered field and Ei the z-oriented 
dipole field [70]:
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where k0 = ω/c, 2 2r zρ= +  and θ = arctan(ρ/z) with ρ 
being the radial cylindrical coordinate.

From the electromagnetic fields, it is possible to 
obtain the radiative component of the decay rate by inte-
grating the power flowing out of the system:

	

0
r

0

1 Re{ } ,
2

da
W Ω

γ
γ ∗

∂
= ×∫ E H � (14)

where γ0 = ω3 | p | 2/3ℏπε0c3 is the decay rate in free space 
and W0 = ω4 | pc | 2/12πε0c3 the power radiated in free space 
by the dipole pc.

We solve Eq. (12) for axis-symmetric structures by 
expanding the fields as sums of cylindrical harmonics, 
that is to say with azimuthal dependence of the form eimφ. 
This results in a set of two-dimensional equations that can 
be solved independently for each value of the azimuthal 
number m.

In the special case of a dipole oriented along z, which 
corresponds to the axis of symmetry of the geometry, 
only the term corresponding to m = 0 gives a non-zero 
contribution. Therefore, the whole three-dimensional 
problem can be reduced to a single two-dimensional 
problem that greatly reduces the numerical cost of the 
simulations.

For QHT calculations, we assume a jellium approxima-
tion [78, 79] in which electrons are confined by a uniform 
background positive charge 3 1( 4 / 3) ,sn r π+ −=  rs being the 
Wigner-Seitz radius that is rs = 3 a0 for Au and rs = 4 a0 for 
Na. We compute the equilibrium electron density self-
consistently by using the following nonlinear differential 
equation [50–52]:

	 0
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0

[ ]( ) ( ) 0,
n n

G n e n n
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ε +

=

 ∂∇⋅ ∇ + − =  ∂
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where ε is the spatially dependent permittivity. 
Equation  (15) is obtained by combining the zeroth order 
QHT equation and the Poisson equation for the electro-
static potential [50]. The space-dependence of the ground-
state density n0(r) is crucial in characterizing the optical 
response of nanoplasmonic systems.

In order to describe gold structures, the empirical 
frequency-dependent permittivity for single crystal gold 
measured in Ref. [80] was used for LRA calculations. For 
the hydrodynamic models (TF-HT and QHT), we assumed, 
on top of the free-electron response, a local response 
from core electrons: εcore(ω) = εOlmon(ω) – χf(ω), where 

2
p

f 2 i
ω

χ
ω γω

= −
+

 (ℏωp = 8.614 eV and ℏγ = 0.042 eV), while 

the free-electron response was calculated using Eq. (1). 
The gold equilibrium density n0(r) for QHT was calculated 
assuming a background constant permittivity ε∞ = 8.
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