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Abstract

Many research works on tolerance analysis have been carried out in the last thirty years. In this paper, a new idea is proposed, aiming to
investigate the effect of form error and mechanical behavior of parts on the stack-up result by combining the recent novelties on the tolerance
analysis of rigid and flexible bodies. The real parts are simulated considering the non-nominal Skin Model Shape and the mechanical properties
in order to simulate the assembly of a realistic case study. A manufacturing signature model to generate the features with geometric deviations

and Finite Element Analysis (FEA) are used.
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1. Introduction
1.1. The motivation of this work

A mechanical assembly consists of two or more
components or subassemblies. Owing to variations in
manufacturing, it is impossible to completely avoid deviations
from nominal in a component’s dimensions and geometry.
Tolerance analysis enables the prediction of the effects of
these part deviations on assembly functional requirements.

Historically, tolerance analysis of rigid assemblies has
always been separated by that of compliant ones. This is due
to many reasons, such as the fact that rigid assemblies reason
on features to which tolerances are applied, they do not use
finite element models (FEMs) and they rarely allow to
consider form deviations. The compliant assemblies deal with
nodes, they use only shell elements in FEM, that do not allow
to take into account deviations in the thickness of the
component, and takes into account form deviations too.

The aim of this work is to provide a method to numerically
execute a tolerance analysis without dividing rigid from
complaint assemblies. That is, to create a single tool where all
functions, which characterize the two kinds of analysis, can be
available at the same time: material properties, geometrical
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deviations along all the part dimensions, form deviations,
stress and deformation evaluation.

To fully understand the novelty of the proposed approach,
a deep analysis of the state of art was carried out in sections
1.2, 1.3 and 2.

1.2. Tolerance analysis of rigid assemblies

Over recent decades, a substantial number of mathematical
models for tolerance analysis of rigid assemblies have been
proposed, i.e. virtual boundary [1], variation model [2], TTRS
model [3], matrix model [4], vector loop [5], Jacobian model
[6], torsor model [7], Jacobian-torsor model [8], T-Map model
[9], deviation domain [10] and skin model [11]. They reason
on features to which tolerances are applied and, therefore,
they are not able to deal with form deviations; moreover, they
hardly handle with free form surfaces or assemblies with
many components and tolerances.

Moreover, many commercial software packages exist and
allow to make the tolerance analysis of rigid assemblies.
These software packages are based on some approaches cited
previously, such as MECAMaster®, Sigmund®, 3DCS®,
VisVSA®, CeTol® and PolitoCAT®. They efficiently deal
with simple geometrical feature of mechanical assemblies,
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such as plane, hole-pin, while they hardly treat free-form
surfaces to connect.

1.3. Tolerance analysis of compliant assemblies

To analyze compliant assemblies many methodologies
have been proposed, i.e. the Place-Clamp-Fasten-Release
(PCFR) method [12], the flexible assembly statistical
tolerance analysis (FASTA) [13] and the method of influence
coefficients (MIC) [14]. Many other methods where the
hypothesis of linearity in the mechanical behavior of the
involved materials, in the contact among the bodies and in the
influence of the fixturing have been exceeded [15-18].

In contrast to the models used for the tolerance analysis of
rigid assemblies, a real distinction between these methods
does not exist because all methods are characterized by a
finite element analysis (FEA) to evaluate part deformations,
forces and internal stresses due to assembly, etc. All these
methods consider flat components that are schematically
represented with a middle plane by means of shell elements.

The software packages for the tolerance analysis of
compliant assemblies are: TAA® [19], 3DCS-FEA®, VisVSA-
FEA®, RD&T and ANATOLEFLEX [20].

2. Status of Skin Model Shapes

The Skin Model is a recent concept of modern standards
for the specification and representation of product [21].
Starting from it, the Skin Model Shapes concept has been
developed to overcome the limits of established models for
the computer-aided modelling and representation of rigid part
geometry considering all different kind of geometric
variations by discrete geometry representations [22].

The tolerance analysis based on Skin Model Shapes
foresees three stages. The first stage is a pre-processing stage
where the Skin Model Shapes of parts are generated. The
generation of the Skin Model Shape foresees four steps:

o definition of the nominal model of part;

o discretization and segmentation of the nominal model in
order to treat each feature independently;

o simulation of manufacturing deviations on each feature;

e combination of all geometric deviations and nominal
model for a complete Skin Model Shape.

The discretization of the nominal model can be generated
easily by FEA software or also by applying Delaunay
algorithm [23]. The simulation of the deviations on each
feature can be carried out by using different methods that can
be classified into three categories: random noise [24], mesh
morphing [25,26] and modal-based methods [11,26-30].
These methods do not necessarily lead to part representatives,
which conform to specified tolerances so, the Skin Model
Shapes are “scaled” [31] by using algorithms [32] for the
evaluation of geometric tolerances from point clouds. The
combination of all geometric deviations for a complete Skin
Model Shapes can be modelled by FEA software [33].

The second stage is a processing stage where the Skin
Model Shapes are assembled according to the defined

assembly process employing the positioning scheme. To do
this, two approaches are necessary [34]. The first approach
identifies the contact points in a specified assembly direction
between two mating parts and it enables to simulate the
assembly through a 3-2-1 positioning scheme with iterations
of the single assembly steps. In the second approach, the
positioning problem is formulated as a constrained
registration problem and solved using mathematical
optimizations in order to minimize the sum of projected
distances between the set of points in the moving part and
their correspondences in the mating part, such that these
projected distances do not take negative values.

The third stage is a post-processing stage where the
assemblies are evaluated regarding the contact quality
between the assembled parts, using point projection methods
to obtain the projected distances between the parts, the
functional requirements are measured such as minimal gap or
maximum distance and finally the results are shown and
analyzed [35].

The same scheme has been adopted for the new unified
tolerance analysis tool that is deeply described in the
following paragraph.

3. Integration of mechanical behavior of parts into the
Skin Model

The tolerance analysis based on Skin Model Shapes model
is a field where a lot of researches has been done in the recent
years. As summarized in section 2, FEA software is much
used in the pre-processing stage to discretize and to combine
all deviations for a complete Skin Model Shapes
representation. Moreover, a first integration of FEA software
to study the deformation effects on the Skin model provoked
by the thermal and working environment of a gas turbine
blade has been presented in [36].

Therefore, instead of using the FEA software as auxiliary
tool to discretize features and combine all deviations, the FEA
software could be used as the main tool together to the Skin
Model Shape concept that handles the deviations to be
assigned to all discretized features. In addition, the FEA
software generally may handle contacts between the bodies,
therefore, many functions developed for the processing stage
are already known and implemented in these software
packages. Moreover, these kinds of software can visualize
results as the stress, deformation, displacement, contact
quality, etc.

The aim of this work is to provide a numerical tool that
executes tolerance analysis by discretizing each component
volume by means of brick elements whose geometry may be
affected by geometrical deviations. This numerical tool is
funded on a FEA software integrated with Skin Model Shapes
concept. Its framework (see Fig. 1) is constituted by three
main stages: pre-processing, processing and post-processing
ones. They are described in details in the following
paragraphs.

The entire numerical architecture is based on MSC Marc®
solver and Matlab® environment that interact, as shown in
Fig. 1, and this tool was called “CaUTA” (Cassino Unified
Tolerance Analysis).
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Fig. 1. Process flow to execute tolerance analysis with CaUTA.
3.1. Pre-processing: FEA and Skin Model Shapes integration

The pre-processing stage involves two steps: a nominal and

an actual ones. In the first step, the FEA tool is prepared to
solve the nominal problem without considering the
geometrical deviations. Therefore, the nominal CAD model is
designed and imported in the FEA software. In the user
interface of MSC software, the part or/and the assembly are
discretized by solid 2D/3D elements. During the mesh
generation, the size of the generated elements has to be
carefully considered because very small elements, together
with the deviations of the Skin Model Shapes, could distort
and, therefore, cause convergence problem during FEA
simulations.
Afterwards, the material properties are defined. In case of a
mechanical simulation, at least the density, Young moduli and
Poisson’s ratios are necessary. In complex cases, other
information could be necessary such as the hardening law of
materials, specific heat capacity, thermal conductivity,
coefficient of thermal expansion, etc. In addition, the
boundary conditions (BCs) and the loads that affect the parts
of assembly have to be defined. Usually, user-defined
functions, material models or load models can be added.
Finally, the input for the FEA solver (.dat file) that contains
all this information is generated.

In the actual step, the discretized features, where to apply
the deviations, are identified and the Skin Model Shapes are
generated on them. The generation of Skin Model Shapes can
be carried out using one of the methods indicated in section 2.
Once the Skin Model Shapes are completely generated, the
generated errors are summed to the node coordinates of the
nominal features without re-meshing the elements. At this

point, the new input for the FEA solver is generated with the
nodes of the actual geometry and it is sent to the processing
stage.

3.2. Processing: FEA simulation

In the processing stage, the FEA software solves the
structural analysis problem. The actual input file is executed
in DOS by a Matlab script in order to perform the FEA
simulation. The MSC software elaborates the solution,
through the evaluation of the stiffness matrix, in terms of
structural displacements, stresses, deformations. Moreover,
the problem of parts assembly is solved by considering the
contact properties between the bodies defined in the nominal
step of the pre-processing stage.

Once the simulation is finished and the results are
generated, the FEA results can be post-processed and/or
saved. When the results are only saved, new Skin Model
Shapes are generated for the features of parts; therefore, the
process starts again from the generation of Skin Model Shapes
(according to the second step in the pre-processing stage), and
another simulation is executed. Once enough Skin Model
Shapes are computed, the post-processing stage is carried out.

3.3. Post-processing: Visualization and analysis of results

In the post-processing stage, the numerical tool visualizes
the solution as displacements, stresses, deformations and
contact quality. The visualization of the assembly Skin Model
Shapes is based on the magnitude of the calculated nodal
value. The nominal mesh of CAD model is used as a
reference frame where the distribution of these deviations (for
example the magnitude of the nodal displacements) is plotted.

If the entire simulation foresees N iterations, i.e. N
different Skin Model Shapes are generated for each feature,
the simulation results can also be represented in terms of
mean Skin Model Shape. Moreover, if the results are shown
as displacements, the functional requirements, such as
minimal gap, maximum distance, etc., can be measured using
algorithms from the computational metrology.

4. Application example
4.1. Definition

The case study of this work consists of simulating the
assembly between a bushing and a housing. The assembly
between these two parts foresees an interference fit.

Dimensions and tolerances are shown in Fig. 2a. In
particular, the dimensional tolerance range that contains a
form error to be simulated characterizes the external diameter
of bushing, as shown in Fig. 2b. A signature of the turning
process is considered to represent the form error. The
signature is represented by means of the autoregressive-
moving average (ARMAX) model proposed in [37].
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Fig. 2. a) Dimensions of the case study; b) the form error by ARMAX.

Once designed and imported the nominal CAD model in
the FEA software, the parts are discretized by solid 3D
elements (element type 7). Then, the discretized features
where to apply the Skin Model Shapes are identified and the
Skin Model Shapes are generated according to the form error
to be simulated; finally, the nominal and actual data are
combined. Fig. 3 shows the process to generate an actual
geometry.

The Skin Model Shape of the external cylindrical surface
of the bushing was done through the generation (by ARMAX
model), the stacking and the random rotation of 16 profiles for
each FEA simulation. Fig. 4 shows the steps from nominal
model to actual one.

a)

Fig. 3. a) Nominal model; b) Discretized model; ¢) Identification of the
cylindrical feature and generation of Skin Model Shapes; d) Actual geometry.

0.033

Fig. 4. Detail on the generation of Skin Model Shapes.

Tin-bronze QSn7-0.2 was used as material of both the
bushing and housing. However, a raw material was used for
the bushing, while a material treated by a power spinning
process was used for the housing [38].

The boundary conditions are applied in order to simulate
the clamping of the parts during the assembly, as shown in
Fig. 5. The housing is constrained on four edges to avoid
translations along the three main directions. The bushing is
constrained on two edges to avoid translations along the X-Z
directions and on other two edges to avoid translations along
the Y-Z directions in order to stop the self-centering of it.

a)

IHousing IBushing I Constraints on housing l‘ Constraints on bushing

Fig. 5. a) Discretized model of the case study; b) Boundary conditions.

The interference fit capability is treated in FEA software
using the contact algorithms. In particular, five methods are
available in MSC Marc® and the method called “Contact
normal” has been used for this case study. This method is
recommended for situations with small values of interference
to be resolved along the normal direction to the touched
interface. In this case, the nodes of the touching part are
projected in the direction normal to the segments of the
touched part. The individual touching entities are placed at a
certain distance from the touched surface along the normal of
the touched surface. This “interference” distance that signifies
the maximum overlap between the parts has to be provided by
user in order to make the detection algorithm works as follow:

(4+B) atanode < C-(1+ D) on the in/outside (1)

where A4 is the overlap, B is the interference, C is the regular
distance tolerance and D is a bias factor [39]. The algorithm
detects the presence of interference and moves the parts to be
assembled in order to bring them into contact.

4.2. Results and analysis

The assembly between the bushing and housing foresees an
interference fit. The entity of interference depends, in this
case study, only by the form tolerance on the external
cylindrical surface of bushing.

Using the methods for tolerance analysis of rigid bodies,
the results of this assembly would highlight the interference
magnitude and the relative position of the bushing respect to
the housing.

In reality, the parts to be assembled are not rigid but have
mechanical properties and consequently different stiffness.
Therefore, an interference fit deforms the bodies in order to
ensure a final assembly where the parts are locked to each
other, due to the arisen stress state, and the interference does
not exist anymore.

In the CaUTA tool, once generated a Skin Model Shape for
the external cylindrical surface of the bushing and solved the
problem of interference with the detection algorithm, the
arising stress state can be visualized as shown in Fig. 6. The
generation of a single Skin Model Shape and the assembly
simulation demonstrate the real influence that small
deviations have on the stress level of parts. In particular, the
stress state is not uniform on the assembly, especially on the
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bushing, due to the characteristic form error described by the
ARMAX model.

Fig. 6. Stress state considering only a Skin Model Shape.

Generating 1,000 Skin Model Shapes and solving the
problem of interference, the arising stress state can be
visualized in terms of mean and standard deviation values as
shown in Fig. 7a and Fig. 7b respectively. In this case, the
mean stress state is uniform on the parts of assembly because
of the 1,000 Skin Model Shapes generated but the standard
deviation values show again the influence of the form error on
the not-uniform distribution of stress.

a) z [MPa] b) Z [MPa]
Y 1795

X | 1577
135.9
114.1 40.0
320
24.1
16.1
8.1

0.1

Fig. 7. a) Mean stress; b) Standard deviation of stress.

When a contact algorithm is used, FEA software provides
an algorithm to check the contact and then evaluate the
contact quality between parts. MSC Marc algorithm was used
to evaluate the contact quality. The algorithm indicates
whether the parts are more or less in contact using a scale
ranging from 0 to 1. For the case study of this work, the parts
appear to have a good contact as shown in Fig. 8.

a)

>

L}
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|
|
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(]
§
L
g

e,

Fig. 8. a) Contact quality; b) Detail on contact quality.

The good contact is also evaluated by analyzing the values
of the diameters recorded before and after the assembly of the
parts, as shown in Fig. 9. The diameters are evaluated through
the mean of different diameters for each cylindrical surface.
The internal and external diameters of the bushing decrease
while the diameters of the housing increase after assembly. In
particular, the external diameter of the bushing is equal to the
internal diameter of the housing, so the interference does not
exist anymore.

Bushing Housing
[mm] ! [mm] [mm] ! [mm]
I 1
26.000 : 30.040 30.040 : 70.010
130.030 30.030 |
25.990 | 170.000
130.020 30.020 I
I 1
25.980 130.010 30.010 169.990
130.000 30.000 |
25.970 I 169.980
129.990 29.990 :
25.960 129.980 29.980 169.970
Internal : External Internal : External
Diameter Diameter Diameter | Diameter

| B Pre-Assembly [0 Post-Assembly

Fig. 9. Diameters of parts before and after the 1,000 simulations.

In this analysis, the 1,000 Skin Model Shapes are
considered to be sufficient to capture the physics of the case
study and no one computational problem occurred due to the
distortions of mesh elements because the considered form
error is small.

5. Conclusions

Some guidelines to execute a tolerance analysis without
making distinction between tolerance analysis of rigid and
compliant assemblies were provided by developing a single
tool, called “CaUTA” (Cassino Unified Tolerance Analysis).

The use of FEA and Skin Model Shapes in the tolerance
analysis through brick elements demonstrated the real
influence that small deviations due to manufacturing errors
have on the final geometry shape and stress level of
assemblies.

The proposed method, that uses FEA simulations of a set
of Skin Model Shapes, provides valuable information on
mean value and variability of the interferences between parts
that may be used to optimize the product geometry design.

This work seeks to pave the way for unifying the two kinds
of tolerance analysis by integrating the FEA and non-nominal
geometry captured by Skin Model Shapes in the mechanical
assemblies where mechanical constraints exist, as in the case
study of this work, and generally the high operating
temperatures and loads.

Many aspects have to be explored and tested yet. In
particular, the computational problem due to the possible
distortions of mesh elements, the not negligible computational
time of CaUTA tool and the application of more tolerances on
different case study will be object of future works where a
better integration between MSC Marc® solver and Matlab®
environment will be carried out.
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