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ABSTRACT. We derive asymptotic expansions for the displacement at the bound-
ary of a smooth, elastic body in the presence of small inhomogeneities. Both
the body and the inclusions are allowed to be anisotropic. This work extends
prior work of Capdeboscq and Vogelius (Math. Modeling Num. Anal. 37,
2003) for the conductivity case. In particular, we obtain an asymptotic ex-
pansion of the difference between the displacements at the boundary with and
without inclusions, under Neumann boundary conditions, to first order in the
measure of the inclusions. We impose no geometric conditions on the inclu-
sions, which need only be measurable sets. The first-order correction contains
a moment or polarization tensor M that encodes the effect of the inclusions.
We also derive some basic properties of this tensor M. In the case of thin,
strip-like, planar inhomogeneities we obtain a formula for M only in terms of
the elasticity tensors, which we assume strongly convex, their inverses, and a
frame on the curve that supports the inclusion. We prove uniqueness of M
in this setting and recover the formula previously obtained by Beretta and
Francini (SIAM J. Math. Anal., 38, 2006).

1. INTRODUCTION

Let Q C R, d > 2 be a smooth bounded domain representing the region occupied
by an elastic body. Let Cy = Cy(z) be a smooth background elasticity tensor in (2.
Let w. C 2 be a set of measurable small inhomogeneities and let C; = C;(z) be the
smooth elasticity tensor inside the inhomogeneities. Let ¢ € H 1/ 2(09Q) represents
a traction on 92 and U the corresponding background displacement field which
satisfies the system of linearized elasticity:

div(CeVU) = 0in Q
(CoVU)r = 1 on 09,
Let
Ce = Coxavw. + Cixw,
and consider the perturbed displacement field solution to

div(C.Vu,) = 0inQ
(CVu )y = 1 on 0N.

One goal of this paper is to obtain an asymptotic formula for ue —U on the boundary
of Q as the measure of w. approaches zero. The formula we derive generalizes
those already available in case of homogeneous isotropic bodies with diametrically
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2 E. BERETTA ET AL.

small (see [2]) or for thin (see [3]) inhomogeneities. To derive the asymptotic
expansion we follow the approach introduced by Capdeboscq and Vogelius in [6]
for the conductivity equation and we establish a formula in the case of arbitrary
elastic tensors Cy and C;. More precisely we show that for y € 02

(1.1) (ue, = U)(y) = Iwen\/ﬂM(l’)@U(x) : VN (@, y)dp + of|we,|).

along a sequence of configurations {w,, } whose measure tends to 0. Here, N is the
Neumann function corresponding to the operator div(CoV-), p is a Radon mea-
sure, the elastic moment tensor M € L2(Q, du) and VU represents the symmetric
deformation tensor.

This approach allows us to derive in a very natural way some symmetry properties
and significant bounds (of the elastic moment tensor M. We want to point out that
dilute limit elastic tensor was originally derived by Lipton ([14]).

For particular geometries like diametrically small or thin inhomogeneities the as-
ymptotic expansion holds for (ue — U)(y) as € — 0 and one can characterize the
measure g and the tensor M. In particular, if we = z 4 €B, where the center z € Q
and B is a bounded domain, then pu is a Dirac function concentrated at z. If fur-
ther both Cy and C; are homogeneous and isotropic, the tensor M can be explicitly
computed and carries information about the geometry of B and about the elastic
parameters of Co and Cy ([2]). Ifw, = {z € Q, dist(z,00) < €}, where oy is a
simple smooth open curve in the plane,  reduces to a Dirac measure supported
on og. If again the phases are isotropic, M can be explicitly determined by the
transmission conditions for u. (see [3]).

In the second part of the paper we analyze the case of thin inhomogeneities in a
planar domain in the case of arbitrary elasticity tensors.

In the case of isotropic homogeneous tensors, the idea, used in [3] to derive the
asymptotic expansion for u. — U, is to apply fine regularity results for solutions
of elliptic systems with discontinuous coefficients by Y.Y. Li and L. Nirenberg [12]
and to use the transmission conditions to derive the tensor M which satisfies

(1.2) (Cy — Co)Vul (z) = M(z)Vus (z),

whereas @uz and @ui denote the values of the deformation tensor inside and outside
the inclusion at a point x on its boundary. Note that the deformation tensors are
related by transmission conditions across dwe.

One of the difficulties we encountered in deriving the expansion in the anisotropic
case is the the direct derivation of (1.2) from the transmission conditions. To
construct M, we follow the approach of Francfort and Murat [10] on the calculation
of the effective properties of laminated 2-phase elastic composites. Indeed, one can
view polarization tensors as limits of effective tensors as the volume fraction of one
of the phases tends to 0.

The paper is organized as follows. In section 2, we state a general representation
formula of the form (1.1) for anisotropic elastic inhomogeneities embedded in an
anisotropic background medium. The asymptotic expansion is proved in section 3.
Properties of the elastic moment tensor M are established in section 4. In section 5,
we is assumed to be a thin strip-like planar inclusion. Firstly, relying on the uniform
Holder regularity of u. and on Meyer’s theorem, we give a direct derivation of the
asymptotic expansion similar to that in [3], under the assumption that there exists
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a tensor M, independent of ¢, that satisfies (1.2). Secondly, we prove existence of
such M, invoking the result of Francfort and Murat mentioned above [10] . Thirdly,
we show that the asymptotic expansion of theorem 2.1 coincides with that obtained
in theorem 5.1. Finally, in the appendix, we recall classical regularity results for the
system of elasticity, and we prove how Caccioppoli inequality and Meyer’s theorem
also hold for the system of elasticity.
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2. NOTATIONS, ASSUMPTIONS AND MAIN RESULT

Let Q ¢ R?, d > 2 be a bounded, smooth domain. For z € 99, let us denote by
v(z) the normal direction to 9 at point . We use the following notation:

Notation. Let C be a 4-th order tensor, let A and B be d x d matrices, and let u,
v denote vectors in R*. We set:

wov=3"0u; Av=39 A, CA=1_ Ciyudu
(CA)yv =31, -1 CijuAnv; CA:B=Y7  _ CijuAnByj,
|A‘ = (Z” Aizj)l/Q'

Moreover, we denote by A= (A + AT)/2 the symmetrization of the matriz A. In
particular, given a vector valued function u defined in (), we denote by Vu the strain

Vu=1 (Vu + (VU)T>.

Let Co € C12(Q), for some o € (0,1), be a fourth order elasticity tensor that
satisfies the full symmetry properties:

(2.1) (Co(x))ijur = (Co(2))rij = (Co(x))jire V1 <4,k 1 <dand x e,
and the strong convexity condition, i.e., there exists a constant Ay > 0 such that
(2.2) Co(x)A: A > \g|AJ? for every d x d symmetric matrix A and z € Q.

Let 1 € H'/2(9Q) satisfying the compatibility condition

(2.3) Y R=0,
[o19)

for every infinitesimal rigid motion R, that is R(z) = Wax + ¢ for some skew-
symmetric matrix W and ¢ € R, )
The background displacement field U € H(Q) is defined as the solution to

0in Q

(24) ¥ on 082,

(CoVU)v

{ div(CoVU)
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where H(RQ) is the space of vector valued functions given by

u do =0, /Q (Vu— (Vu)") dz = O}

Let w, denote the a subset of €2, that contains one or several inhomogeneities. We
assume that w, is measurable and separated from the boundary, that is d(w., 092) >
dp > 0. We also assume that the measure |w| > 0 tends to 0 as € — 0.

Let C; denote the elasticity tensor inside w.. We assume that C; € C1(9) is fully
symmetric and strongly convex, i.e.

H(Q) = {u € H'(Q;R?) such that/
o9

(2.5)  Ci(z)A: A > \|AJ?, for every d x d symmetric matrix A and z € €.
Let C. be the elasticity tensor in the presence of the inhomogeneity
(2.6) Ce = Coxarw. + Cixw,

and consider the corresponding displacement field u, € H () solution to

o {div(cﬁue) = 0inQ

(CVu )y = b on Q.
For existence and uniqueness of solutions to (2.4) and (2.7) in H(Q) we refer to
[16]for example.

Since d(w,,0Q) > dy > 0, there exists a compact set Kj, independent of €, such
that

(2.8) we C Ko C Q and dist(we, 2\ Ko) > do/2 > 0.

We also introduce the Neumann matrix for the operator div(CoV-), i.c. the weak
solution to

2.9) div(CoVN(-,y)) = —6,I4in Q
' (CoVN(,y)v = —lal—mId on 012,
that satisfies the normalization conditions
(2.10) - N(z,y)do, =0, /Q(VmN(x, y) — VoN(z,y)")dx =0,

where I is the d-dimensional identity matrix.

For the existence of such Neumann matrix and its behavior for x close to y we
refer to [11] where existence and regularity of the Green’s matrix for weakly elliptic
systems is considered.

The following result generalizes the compactness result of [6] to the case of elastic
inclusions:

Theorem 2.1. Let w,, be a sequence of measurable subsets satisfying (2.8) such
that, as n — o0, |w,, | = 0 and

(2.11) |we,,

“Xe., dz — dp in the weak” topology of (C(Q))',

for some reqular positive Borel measure p, such that fQ dp=1.
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Given v € H='/2(0Q) satisfying (2.3), let U and u., denote the solutions to (2.4)
and (2.7) respectively. There exists a subsequence, not relabeled, and a fourth order
tensor Ml € L?(Q, du) such that, for y € 09,

Q1) (e = D)) = e [ M@ TU@): IN )i, + ol ).
We will prove this result in the next section.

3. PROOF OF THEOREM 2.1

3.1. Preliminary estimates. Let F € H~*(Q) and f € H~'/?(Q) satisfying the
compatibility conditions

/de:/ fdomand/F-Rdmz/ f-Rdog,
Q a9 Q o9

for every infinitesimal rigid motion R.
Let V and v, in H(Q) solve

(3.1) div(CoVV) = FinQ
’ (CoVV)r = fon09Q,
and

(3.2) div(C.Vv,) = FinQ
' (CoVu )y = f on 09Q,
respectively.

Lemma 3.1. Let F € C*(Q), with0 < a <1 and let 0 <n < 1/d. There exists a
constant C' > 0, such that

(3.3) [ve = Vg ) < Clwel? (IIFllca@) + 1F l-10) + |1 fllz-1/2(00)) -
and

1,1
34)  |[ve = V2 < ClwelzTa 7 ([[Flloacey + 1F a1 + 1l z-1/2(00)) -

Proof. We adapt the arguments of ([6]) to the system of elasticity. Since V' and v,
solve (3.1) and (3.2) respectively, for every w € H'(Q), we have

CNV(ve—V): Vwdr = / (Co — C1)VV : Vw da.

We

Q
By choosing w = v. — V' and applying Korn’s inequality, we show that

[ 1ve=Par < € [ [90=V)Pd < Ol PITVlm ) 190~ V)20

It follows from interior regularity results for the elasticity system with regular co-
efficients (see, for example, Theorem 6.111, chapter 2 in [4]) that

IVV L) < C (VI @) + I1Flloa(x))
(3.5) < C(IF =@ + 1 la-1200) + I Fllea(xo) »

and, hence,

[ve = V) < Clwel”? (1F I a-10) + 1l zr-1/2(00) + 1 Fllca(x0)) -
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We also have, for any w € H(Q),

(3.6) / CoV(ve — V) : Vwdz = / (Co — C1) Vv, : Vwda.
Q We
Let us select w € H(f) as the solution to
div(CoVw) = V —uv.in Q
(CoVuw)v ﬁ Jo(V = ve)da on 09,

By the smoothness assumption on Cy and by interior regularity estimates (see, for
example, Theorem 2.1, chapter 2 in [4]) we have that

lwllz2(x0) < Cllve = Vlzz) + lwllm@))-
By Korn and Poincaré inequalities
lwllgr ) < ClIVw 2 < ClIVw|2) < |V = vellL2(0)
and, hence,
(3.7) lwl g2y < Cllve = Vp2 o)

By Sobolev Embedding Theorem, we have that Vw € LP(Kj) for every 1 < p < d*
where d* = d%dz for d > 2 and d* = 400 for d = 2, and

1
(3.8) ( / de) < Cyllwlligie) < Clloe - Vilzeon.
Ko

Let us choose ¢ € (%,2) and p such that % + % = 1. Notice that, p € (1,d*). By

inserting w into (3.6) we obtain

/(v6 —V)3dzr = / CoV(ve — V) : Vwdz = / (Co — C1) Vv, : Vwdz
Q Q

We

(o) ([ )

€

o ([ wut) o= Via.

Now, by Hélder inequality and (3.5) we get

IVoellLows < V(e = V)llLawo) + [VVLao
el 4721V (we = V) 22w + wel 7YV 0w
Clowel " (1F -1 + 1/ l-17200) + IFllz= (@)
A combination of (3.9), (3.8) and (3.11) yields

[ve = Vllz2 () < Colwel ' (IFllar-1() + 1l m-17200) + [ Fllow ()

(3.9)

IN

IN

(3.10)

A

(3.11)

VANVAN

Note that since for g N, 7%, we have ¢ 7 § + 5. It follows that given any
0 < 1 < 1/d there exists a constant C' such that

lve = Vllzz@) < Clwe| 727" (1 Fll -0 + 1 l-17200) + [Fllca@)



ANISOTROPIC ELASTIC INCLUSIONS 7

3.2. Definition of the polarization tensor. Let

o1
(312) v = 5 (eil‘j + ejl‘i) — Cij
where e; is the i-th coordinate direction and
1
Cij = m 5 (eixj + ejmi) do

and consider v € H(Q) solution to the problem

(3.13) div(C Vi) = div(CoVe'd) in O
’ (CVVi )y = (CoVu¥)r on 99,
Observe now that
1 . 1 . ,
X, (C1 — Co) V¥ < —/ (€1 - Co)V (i - uw)} de
|wel L1(Q) ‘We| we
T
[wel Jos,
By Lemma 3.1 and recalling that Cy and C; are bounded and that
O |
(3.14) Vol = Vo' = §(ei ®e;+e ®e;),
we have

<C.
LY(Q)

1 g
Hwﬂ“ﬁgww

Hence, possibly extracting a subsequence, we may assume that
(3.15) |we,, [Xew., (C1 — Co) Vv — dMjim,

in the weak* topology of C%(Q), where dM,j, is a regular Borel Measures with
support in Ky. Let ® € C°(2). By definition of dMj;i,,, we see that

DSdM i,
Q

1 .
lim —/ Xwe,, (Cy f(CO)szi(I)dx
Q

n—00 |We,

. 1
€n

1 ~
+ lim m/ XUJen ‘((C]_ - (C())VUZJ
€n Q

n—oo

- R 1/2
. /i'l 2
Shimnﬁoow (/QW(UeZL 7] dm) (/ |we, | XWE"
12 1/2
ffora)" o)
0 Q

(I)—)/q)dM”lm
Q

(C1 — o)Vl — vij)‘ \®| da

|D| dx

1/2
D dx)

Hence

is a bounded functional on L?(€2,du), and

/ BAM 1, — / OM,j1mdps
Q Q
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for some function M i, € L*(2,du). The tensor M actually relates to the weak
limit of u., as the next lemma expresses:

Lemma 3.2. Let U and u. denote the solutions to (2.4) and (2.7) for+y € H=/2(99Q)
satisfying the compatibility conditions (2.3). Let w, such that |we,| — 0 be a se-
quence for which (2.8), (2.11) and (3.15) hold.
Then, ‘w%n‘xwe” (Cy — Co)Vue, dz is convergent in the weak* topology of (C°(€2))’
with )

lim —— ., (C1 — Co)Vue, dz = MVUdpu

n—00 ‘wﬁn| "

Proof. Tt suffices to prove that we may extract a subsequence of {w,, } such that
ﬁxwe” (Cy — (Co)Vuenj dz converges to MVUdu. The fact that the limit is
J

independent of the particular subsequence guarantees that the entire sequence is
convergent.
Proceeding as for v¥/, we see that

1 -~ 1 ~
Yo, (€1 — Co) Ve, < o/ @ -coV, - v
|we, | L1(Q) we., | Wep,
1 .
+ o ]((C1 - (CO)VU‘ dz

‘w5n| We,,
< ClYlla-1200)

hence, possibly extracting a subsequence, that we do not relabel, we may assume
that, for some matrix-valued measure 7,

1 ~
T Xuw., (C1 = Co)Vue,dr — dn

in the weak* topology of (C°(Q))’.
We must now show that, for any scalar function ®,

(3.16) / Pdn = / MV Udpu.
Q Q

In order to do this, it is enough to prove that

(3.17) / (Co — C1)VU : Vol & dx = / (Co — C1)Vue : Vol ® dz + o(|w),

We

because then, by passing to the limit along subsequences of w,,, in (3.17), we get
(3.16).
Let us notice that, since

div (CoVU) = div(C.Vu) in ©
(CoVU)r = (CNVu)v on 09,
for every vector valued test function ¥ we have that
(3.18) /(C(ﬁU VU da = / CVu, : VU dz.
Q Q
For the same reason

(3.19) /Coﬁvij VU dr = / (Céﬁvij : VU dz.
Q Q
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‘We can calculate

/((Co —~C)VU : Vol da — /(@0 — C)Vue : VUi P dx
Q

(C VU V(0 ®) — CVvi @(U@)) dz

Il
S

— /(C()@vij : V(ue®) — CVu, : %(v”@)) dx

Q

- /(C(ﬁU (19 @ V®) — C.VvY : (U® W)) dz
Q

+/ CoVv : (ue ® V®) — CVue : (v @ V(I))) dz
Q

By (3.18) and (3.19) and recalling that C. = Cq in Q \ w,, we can write

/((Co —C)VU : Vo ® da — /((CO — C1)Vue : Vv dz
| = /Q((Cg§u6 : V(v ) — (Cé@vij : %(U(IJ)) dx
- /Q<(C€§Uij : V(ue®) — CoVU : @(vij‘b)) dz
- /Q (QﬁU (09 ® V) — C.Vv : (U® vq>)) dz
- /Q (COWJ' (e © V®) — CVu, : (v @ vq>)) dz
- /Q ((Cﬁus L VD — CoVuld 6(/@) dz
((C Vol Vud — CoWU - Vv”@) dz
dx

CVu, : (V7 @ V) — CoVo : (U @ V)

CoVU : (v @ VO) — C. V¥ : (U ® V)

( )

_ /Q<(Ce$vzj (e ® V) = CoVU = (v @ V) ) d
( ) dx
(
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By symmetry of the elasticity tensors, the first two lines of last equality give zero.
By rearranging the various integral in a suitable way we get,

/((CO - (Cl)ﬁU : @vijq) dr — /((Co - (Cl)ﬁuE Vol ® dx

€ €

- / € (Vue — 0 : (8 ) © Vb)da
Q
— /(C6 (%vij — %U?) (U —ue) @ VO)da
Q

+/ (Cy — Co) VU : (W9 — v¥) @ VO)da

€

—/ (C1 — Co) Vol : (U — ) @ V®)da

By Lemma 3.1 and by regularity of functions U and v* in Ky, we get (3.17).
O

3.3. End of the proof of Theorem 2.1. Let w,, as above. By the definition of
the Neumann matrix it is easy to see that

(3.20) (e, —U)(y) = / (C1 — Co)¥ue, : IN(-,y)de.

(See [3] for details).

Let Ko C £ the compact set introduced in (2.8). Given y € 9§ it is possible to find
U, € C°(Q) a matrix valued function such that ¥, (z) = V,N(x,y) for x € K.
Using the previous lemma we get

(ue, =U)y) = |we,

1 ~
/ —Xw., (C1 —Co)Vu, : ¥, dz
a lwe,| "

= |we,

/ MVU : U, dp + o(Jwel)
Q

_ M\/M%U:%N(-,y)dmouwe\).
Q

4. PROPERTIES OF THE ELASTIC POLARIZATION TENSOR

In this section we prove few basic properties of the polarization tensor M:

Proposition 4.1. The polarization tensor M has the same symmetry properties of
the elasticity tensors Cy and Cy, that is

Mijkl = Mklij = Mjikb n-a.e.

for any choice of indices 1, j, k,l between 1 and d.
Moreover, for any symmetric matric E,

(4.1) CoCi (C1 —Co)E:E<ME:E<(C;—Co)E:E  p-ae.

Proof. Firstly, we show that M enjoys the same symmetry as the elastic tensors C;
and Cy. To this end, we recall the following equality, which was obtained in the



ANISOTROPIC ELASTIC INCLUSIONS 11

proof of lemma 3.2.

1

~ ~ .. 1 ~ ~ ..
o (C1 = Co)VU : Vo dx = |w/ (Cy — Co)Vu, : Vo ddx + o(1).

Substituting U and u. for v"* and v* respectively, we see that

1

|w5\

(Cy — Co)Vu* : Vol dda = /(Q Co)Vul* : Vol ®dx + o(1).

1
|e

Recalling (3.14) and by the symmetry of Cy and C;, we get on one hand that

]. S hke ij ]- / a(v?)m
— Hddr = — — mpaOhpOkg ————Pd
\w€| ((Cl (C())V”U V’Ue T ‘wel » lqu(Cl CO)Z pqPhpPkq 895; i
(),
= / — Co)imnk (ve’) Odx
|lwe| Jo. T~ oz
— /Ml—jhk@d,u.
Q
On the other hand
1 PO 1 a(vh*)
Cy — Co)Vu Volidde = / (C1 — Co)impg—2—26:10 jrn Pd:
L ) el Ja lzp:q g, 0%
8(Uhk)q
= i £ dd
‘Wel We pq (CO),_]pq 833p *

— / thij <I>d,u
Q
It follows that
(4.2) M jne = Mprij, [ — a.e.
To obtain the minor symmetry, we observe that

8(”2)!]

O(vel)
Z |we,, [Xe.,, (C1 = Co)impq 3xn 1= Z |Wep [Xew.,, (C1 = Co)mipg
»

)
Oy

ilm ilm

since C; — Cy is a totally symmetric 4th-order tensor. Then, from (3.15), it follows
that

Mijim = Mijmi, Ww— a.e.
All the minor symmetries now follow from (4.2).
For the proof of (4.1), we follow [6], where the case of the scalar conductivity

equation was discussed.
We begin by fixing a constant, symmetric matrix E = [E;;]. We set

(4.3) V= Z Ejjv', Ve = Z Eijv,
ij ij

where v and v¥ are given in (3.12) and (3.13), and observe that V solves

(4.4) {dlv((COVV) =div(CoE), in €,

(CoVV)v = (CoE)v, on 9,



12 E. BERETTA ET AL.

and, consequently, v¢ solves

(45) {div(ce§ve) = diV(CoE), in Q,

(C Vv )v = (CoE)v, on Of.

We next recall that M is obtained as the weak limit (3.15). Therefore, given any
function ® € C°(2), we have

1 ~ ..
/Mijqu) dp, = / [(Cl —(Co)V’Uz] ‘b(l‘) dx + 0(1)7
Q |w6| We Kl

where € is an element of the sequence {¢,}, and square brackets indicate compo-
nents. We choose ®(z) = E;; Eri¢xq, where ¢ is a positive smooth function, and
sum over repeated indices:

[ 1B s Bodp =3 [ B Mg Buodo
Q

ijkl

Vol
|w€|/w ZEU Cop) - Vi }kl Eyddz + o(1).

€ ijkl

Recall that Vo'l = (e@), hence from (4.3), using that F is symmetric, we have

V:ZEijei®ej:E7

ij

so that:

/QME:Eqbd,u L /Z(Cl_(co)klpq > Eio,[v), | [VVIugda

|wel

“e klpg ij
+o(1)
1 ~ ~
= o / (C; —Cy) Vo, : VVédz + ol)
1

= (C, —Co)VV : YV dx

|wel

(4.6) +ﬁ/ (C1 —Co)V(ve — V) : VVdz + o(l)

Let us now notice that

<

/ (C, = Co)V(ve — V) : VVdr = —/ CV(ve—V):V(ve—V)pdr + R
We Q
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where, by (4.4), (4.5) and by Lemma 3.1,
R = / (Cy = Co)V(ve — V) : VVda +/Q¢:ﬁ(v€ —V): V(v —V)pda
= /Q(Q —Co)V(ve—V) : VVda +/Q<cﬁ(ue ~V): V(v = V)pda

= / C.Vu, : @(v€ —V)odr — / CoVV - ﬁ(ve - V)gpdx
Q Q

/cﬁuf V(v — Vo) da — / CoVV : V((ve — Vo) da

Q Q

—/ CVoe : (ve — V) ® Voda +/ CoVV : ((ve — V) ® Vo da
Q Q

= —/Q(C0§(UE—V):((ve—V)®V¢d:c—/ C1Voe: ((ve— V) ® Vo da
(4.7) = of|we|)

By inserting the above relation in (4.6) we get

/QME:E¢dM = |i€| /WE(CI_COWV : VWV dz
(4.8) - /Qcﬁ(ve —V): V(ve = V)pdz + o(1).
Since C. is strongly convex, and ¢ > 0,

/Q(Ceﬁ(v6 —V):V(ve — V)pdz >0

and, hence,

/ ME : E¢du < / (C; —Co) VV : VVda + o(1)
Q We

|coe |

Since the left-hand side does not depend on € we let ¢ — 0 and get

(4.9) / ME : E¢du < /((C1 —Cy) vV §V¢du = /((C1 —Co)E : E¢dpu.
Q Q Q

Now, by (4.7) and by the fact that C; is strongly convex, we have that

(Ceﬁ(vE -V): @(v€ —V)opdx

S~

(ve = V) : VVddz + o|we|)

a
o

|
Q
<

C1V(ve — V) : CTHCy — C1) VVdz + o(|w|)
N R 1/2
< / Ci1V(ve = V) : V(ve — V)(;de) .

<
w (]

. . 1/2
(Co —C1)VV : CTH(Cy — Cl)VVquac) + o(|wel)
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from which it follows that
(4.11)

/Ceﬁ(ve—V):ﬁ(ve—V)qﬁdxg/ CyHCo—C1)VV : (Co—C1)VV ¢ dz+o(|we).
Q

We

By inserting (4.11) into (4.8) we get

/ME:Equ,u > (Cy — Co)VV : VVda
Q

|w€‘ We
1 ~ ~
T / C;HCo — C)VV 1 (Cy — C)VVhdx + o(1)
1 ~ ~
= C;yHCy — C)VV : CoVVdz + o(1).
By letting ¢ — 0 we get
(4.12)
/ ME : B¢du > / CoCyH(C1—Co)VV : VWV du = / CoC{H(C1—Cy)E : E¢dp.
Q Q Q
Notice that (4.9) and (4.12) hold for every positive ¢, hence (4.1) follows. O

An important issue that could be addressed is the possibility to obtain optimal
Hashin-Shtrikman type bounds for M. Hashin-Shtrikman type bounds for M have
been obtained in [8] for the conductivity case, in [14] and [5] for the isotropic elastic
case.

5. THE CASE OF THIN PLANAR INCLUSIONS

In this section, we specialize to the case of thin inclusions in a planar domain
Q C R?, modeled as an appropriate neighborhood w, of a given simple curve oy C £,
that is:

(5.1) we={zeQ : d(z,o0) <e€}.

We impose the following conditions on og. We assume that o is of class C3 and
that there exists some K > 0 such that

d(U(),aQ) 2 K_l
(5.2) lloolles < K
K~! <length(osy) < K.

Moreover we assume that for every x € og there exists two discs By and By of
radius K1, such that

§10§2:§1ﬁ00:§2ﬁ00:{$}.

The latter assumption guarantees that different parts of oy do not get too close, so
that w,. does not self-intersect for small e. We refer to oy as the support of w,.
Let us fix an orthonormal system (n,7) on oy such that n is a unit normal vector
field to the curve and 7 is a unit tangent vector field. If o¢ is a closed curve, then
we take n to point in the outward direction of the domain it encloses.

We present a different derivation of the small volume asymptotic formula (2.12)
for the displacement at the boundary in this case, which makes more explicit the
measure and polarization tensor M that appear in (2.12).



ANISOTROPIC ELASTIC INCLUSIONS 15

The main result of this section is the following theorem, which is a counterpart to
Theorem 2.1.

Theorem 5.1. Let Q C R? be a bounded smooth domain and let o9 CC Q be a
simple curve satisfying (5.2). Let uc and U be the solutions to (2.4) and (2.7)
respectively. For every x € g, there exists a fourth order elastic tensor field M(m)
such that, for y € 02

(5.3) (e — U)(y) = 2¢ / M(2)Su0(z) : TN (2, 1) doo(z) + o(e).

The term o(e€) is bounded by C€1+9Hw||H—1/2(aQ), for some 0 < 0 <1 and C de-
pending only on 0, Q, ag, By and K.

5.1. Proof of Theorem 5.1. The proof of the theorem closely follows the proof
of the corresponding result in the isotropic case (see [3]). We only detail those
steps, where the proof differs from that case. In the following we set ui = Uel,,.
and ug = u| o, - We simply use ue when no confusion can occur. Firstly, we

write (ue — U)|,, in terms of an integral over w of the product of @uz and VN.
Secondly, using some regularity estimates for solutions to the elastic system in a
laminar domain due to Li and Nirenberg [12], we approximate this integral by
an integral over a portion of dw., which we rewrite, in a third step, using the
transmission conditions and a tensor M satisfying (5.7). The existence of M is
proved later in Subsection 5.2. Finally, taking limits in the resulting expression as
€ — 0 and using fine regularity estimates for u. proves the theorem.

First step.

We recall (see (3.20)) that, for y € 9Q

(5.4) (ue — U)(y) = / (Cy - Co) T : TN(-y) do.

€

Second step. Let 3 be a constant, 0 < # < 1, and set
wl = {x—l—tn(m) : x € 0y, d(x,00¢) > Ate (—e,e)} .

Notice that if og is a closed simple curve, then w! = w..
By Theorem 2.1, chapter 2 in [4] combined with Sobolev Embedding Theorem, we
have that [|[VU| g (w.) and [VN(-,y)|| Lo (w.) (for y € 0Q2) are bounded uniformly
in e. Using this fact together with the energy estimate (3.3), one can easily show
as in [3] that
(5.5)

/ (Cy — Co) Vi : VN(-,y) da = / (Cy — Co) Vil : VN(-,y) da + O('9/?),

’
We

Let o/ denote the curve
ol ={z+en(x) : € 0p, d(x,000) > € }.

A crucial ingredient, at this point, is a C® regularity estimates for the gradient
of solutions to laminated systems due to Li and Nirenberg (see [12]). Using this
estimate and proceeding as in [3]|, we can approximate the values of Vu, in w’ by
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its values on o7, so that

/ (Cy — Co) Vi (z) : VN(z,y) d
(5.6) = 2¢ / (Cy — Co) Vil : VN(-,y) + O(eFo—B0+a)y,
for B < a(l+a)t.
Third step.
From the results o~f the section 5.2, for every x € o., there exists a fourth-order,
symmetric tensor M(z), independent of €, such that

(5.7) (Ca() = Co(w)) Verg () = M(2)Vue ()
Inserting (5.7) into (5.6), we get
(5.8)

/ (Cy — Co) Vil : YN(-,y)dx = 26/ MYVul : VN(-,y)dz + O(e' ~2~F0+),

Fourth Step.
Now we show that

(5.9) [Vug = VU|| Lo (or) < C™(|[Y]| -1/2(00)

for some positive .

Once estimate (5.9) is proved, then (5.8) holds with VU instead of Vu¢ and (5.3)
follows immediately by continuity.

In [3] the proof of estimate (5.9) strongly relies on the special features of a homo-
geneous and isotropic tensor Cy. In the present case, we use of a Caccioppoli-type
inequality proved in the Appendix.

Let 2¢ < d < dp/2 and QF = {z € Q : d(x,0(Q\w,) > d}.

Since u, — ug is solution to
div ((Coﬁ(uE - u0)> =0 in Q\w,

the regularity assumption on Cq implies that u.—ug € Hf .(Q2\we) ( see [4, Theorem
2.1 chapter 2]).
Let k € {1,2} and let ¢* := Oy (u. — up). The function ¢* solves

div ((COW’g) —F in Q\w.

with
F = —div (((9k(C0>V(u6 - UO)) .

By Caccioppoli inequality (Theorem A.1 for @ = 0) and by (3.3), we see that
V64 aag < 6K 3aqe, ) + I
€ L2(Qz/2) = a2 € L2(Q§/4) H*l(QZM)

1
= C (dz||¢f||2L2(Q;/4) + IV (ue — u0)|%2(9\‘”5)>

< CH'(/)H?{—UQ (d_2 + 1) e < CH'(/)H?{—UQd_Ze.
and, by (3.3) again
0511 (e ) < CllYlg-12d ™" Ve

d/2
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Theorem B.1 applied to ¢* shows that

2
HV¢I€HL2+U(Q§) <C <||F||H—1,2+n(Qe ) + d2zn 1”v¢kHL2(Qe/2)) .

d/2 d

Notice that, by applying Theorem B.1 to ue — ug in Q \ w,

= [1(0xCo)V(ue — uo)ll2+n (s )

[E | zr=1.24n 02 ”

/2)

A

< OV (e —wo)llzztnay ) < 11V (e — o)l z2qas

and, hence,

IVe* |20 (Qg) < C (||V(ue —uo)|lL2(s,,) + dmAHV(?k”L?(Q;p))
< C (dﬁ”) Ve.

On the other hand, applying Theorem B.1 to u. — ug shows that

2 _
19F (| L2+n(qg) < CdZFn Ve,

By Sobolev Embedding Theorem, it follows that, for k = 1,2,
2 _
(5.10) 0% (1t = o)l = 23) = 6|1 ) < € (47577 Ve

Now, let y € 0o, and let yq denote the closest point to y in the set Q. From the
gradient estimates for u. and ug (see [12] and [3, Prop.3.3]), we have

(5.11) [Vug(y) — Vug(ya)| < Cd*,
which yields, by (5.10),

IV (uf — up)(y)| < C(d* + d~> T e/?).

1

2(2ta— 52—

Choosing d = € 1) we get

(5.12) [V (ug —uo)(y)| < Ce€,

where v = = , and hence
T )

pr——

[V (ug — o)l Lo (or) < C€™ .

We conclude exactly as in [3] by noticing that the tensor M is continuous in €2 (see
next section). O

Remark 5.2. If the elasticity tensor Cy is smoother than CY% in Q, by differenti-
ating again the equation for u. —ug in Q\we and using again Caccioppoli inequality
we obtain a better exponent v in (5.12). Moreover, if Co € C° this result can be ex-
tended to any dimension for small neighborhoods of regular hypersurfaces contained

in Q.
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5.2. Construction of the polarization tensor. To establish the asymptotic for-
mula (5.3), one seeks to express the term (Co — (Cl)ﬁui (z) as a linear function of
Vué(z), for z € o/ (with the notation introduced in the second step of the previous
proof). This linear dependence defines the polarization tensor M in this context,
which therefore must satisfy:

(5.13) (Co— CVui(z) = M(z)Vus(z)

Let us also recall that n(z) and 7(x) denote the normal and tangential directions
to o at point x.

From the discussion in the previous subsection, it suffices to obtain M along ol,
away from the vertices of the curve (more precisely, outside a disk of radius €’
centered at the vertices).

We introduce a coordinate system in w!, adapted to the geometry of the problem,
as follows. Let 7 be a unit tangent vector field along the curve ¢’ that supports we,
for instance the velocity vector field using arclength, and let n be a vector field
normal to og so that {7, n} forms a frame field on oy.

We employ again the frame field (7,n) along of, and extend it to w. by setting
7(2') and n(z") to be constant along the segment {z = 2’ + hn(z'), 0 < h < €}. By
construction a global coordinate system in w! is given by « = 2’ + hn(z'), where z’
is a point along the curve o, and 0 < h < e. We can extend this coordinate system
smoothly to part of the boundary, that is, for h = e.

Since the part of the boundary w,. above oy, is given by the graphs of two smooth
functions above the same curve, by the regularity results recalled in the previous
section (see [12]), the interior and exterior strain fields are regular and satisfy the
following transmission conditions pointwise on o’:

(5.14a) Vul (z)7(z) = Vul(2)7(x)

(5.14b) CoVul (z)n(z) = C; V! (2)n(x).

A direct determination of a 4th-order tensor M that satisfies (5.13) directly from
the above relations turns out to be rather complicated. One is led to invert a linear
system, the determinant of which is not easily seen to be non zero when Cy and C,
are anisotropic tensors, unless additional assumptions are made.

Instead, we follow a construction due to G. Francfort and F. Murat [10]. In their
work, effective elastic properties of laminate composites are calculated in terms of
the geometric parameters of the phase layers (see also [15], P. 168). This construc-
tion precisely relies on the transmission conditions (5.14). We fix a point 2’ € o),
and denote the values of the interior and exterior strains respectively by

el = 6112(1:) and ef = @ui(m)
Proposition 5.3. There exists a 4-th order tensor M such that
(5.15) (Cy — Cyp)e* = Me®,
where M depends on Co, Cy1, n, and 7, but not on e® and e'.

Proof. First of all let us notice that, by the first transmission condition (5.14a) we
can write

(5.16) e =e+5@n+n®d, for some § € R?



ANISOTROPIC ELASTIC INCLUSIONS 19

Let ¢~ denote the (symmetric) linear operator associated to the quadratic form
on R2:

('O = (Ci(Con)):(Eon), (EcR?

1

Note that, since C; is positive definite, ¢~ is invertible since, by (2.5),

VCER?, (¢TI0¢C = (Cil¢®n):(C@n) > Aol¢f,
and thus its inverse ¢ is well defined. Conditions (5.14b) and (5.16) imply that
(5.17) ((Co—Cp)e®)n) = Cyi(e' —e)n
(5.18) = (C1(0®@n+n®d))n

On the other hand, for any ¢ € R?, we have
20¢710)5 = 2Ci(d@n)): (E®n)
= (Ci(0@n+n®d)): (f®n)
= Ci(ef —€%): (E@n).
This can equivalently be written as

2(q710)¢ = ((Cl(ei — ee)n) £, VEER?

that is, by (5.17)
2(¢710) = Cy(e" — e®)n = ((Cy — Cy) e%)n.
From the above equation we deduce that
1
§= 24 ((Cyp — Cy)e’n)
hence, by (5.16)

. 1 1
e’ =e+ 24 (Co—Cr)en)@n+n® 54 ((Co — Cy)en).
We can now conclude that
((CO — (Cl)ei = ((C() — C1)€e + (CO — Cl) (q ((Co — Cl)een) ® n) ,

where, in the last expression we used symmetry of tensor Co — Cy.
Hence, the forth order tensor M defined by

(5.19) Mh = (Co — C1)h + (Co — C1) (¢ ((Co — C1)hn) ® 1),

satisfies (5.15). As can be seen by its expression, M does not depend on e® and
e’ but only on the elasticity tensors Coy and C; and on the directions n and 7.
Moreover, this tensor M can be defined for every point z in w,’ and it is continuous
with respect to x.

Remark 5.4. Assume that {we} is a sequence of thin strip-like inclusions as
in (5.1). Then, the expansions (2.12) and (5.3) coincide. In other words, the
measure M(x)dp, that appears in (2.12) is precisely M(x)dq, (), where M(z) is
defined in the section 5.2.

Indeed, given the form of the sets we, it is immediate to see that

1

mee - 600'
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Thus, recalling Lemma 3.2, it suffices to show that

1 . NN
mxwé (Cy —Co)Vu,, — M((z)VU(x)ds,,

€
in the weak® topology of (C°(Q)). This again _is a consequence of the uniform
reqularity estimates on u.. Indeed, let ¢ € C°(Q)). Using the same notations and
the same analysis as in section 5.1, we see that

1 -~ 1 ~
/ |w |((Cl - (Co)VUJZ)d.I = // |w |(Cl - (Co)Vueqb dx

1 .
+/ (Cy — Co)Vucgpdx
we\w!

|e

1 ~ .
N 2m/ (Cy = Co)Vulgdo, + O(enlePltalf)
Oc ol
1 ~ ~ .
= QW / M(z)Vul ¢ do,, + O(me=A+e).0))
Oc ol

— 2/ M(z)VU ¢ dp,
00
which proves the claim.

Remark 5.5. In the case of isotropic materials, an explicit formula for M can be
obtained from (5.19). In fact, in this case Cy and Cy have the simple form:
(CO = )\0.[2 ®IQ+2,U()I4,

2
(5:20) Ci=MbLeL+2ul,

where A\;, i, © = 0,1, are the Lamé parameters, I, Iy are the identity elements
on 2 and 4 symmetric tensors respectively. Hence, as linear maps over symmetric
matrices, they are diagonal in any basis. These tensors are strongly convex if A; > 0
and \; +p; >0, 7=0,1.

Then, it readily follows that the matriz q is given by (see [10, Equation 4.8]):

1 AL+
Sty /A L o
I 1 (A1 + 2p1)
Combining (5.20) with (5.21) gives:

(5.21) q=

n K n.

Ao — A1
Co—Cy)h =———Tr(h
(@(Co = Chm) &) = T2 Tk ne m
2 (o — p11) At
+ —= () ®n— ———((hn) - n)n®n
o (hn) )\1+2M1(( ) mn)
Lengthy, but straightforward calculations yield:
(5.22) Mh =aTr(h)Is+bh+c ((hr) -7)T@7T+d ((hn) -n)n @ n,
where _—
1 210 Ho
= (Ao — Ap) 22200 b= — —,
a=(Xo— A1) N 2 (ko M)ul

2X1 (1 — pro) + p1 (M1 — Ao) + 2 (1 — po)
1 (A1 =+ 241) ’

H1Ao — A1fio

(A1 +2p1)

c= (o — p1)

d=2(po — )
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As expected, this formula agrees with that obtained in [3, Theorem 2.1].

APPENDIX A. A CACCIOPPOLI TYPE INEQUALITY

For the sake of completeness, we state and prove a Caccioppoli type inequality for
solutions of strongly convex systems.

Theorem A.l. Let B, and By, be two concentric balls contained in 2 and let u
be any constant vector.
Let u € HY(Q2) be solution to

v-(c%)zf in Q

where C € L>®(Q) is a strongly convex tensor and f € H=Y(Q). Then

Gy _
(A1) HVUH%Z(BP) < FHU - U||2L2(Bz,,) + C2Hf||%1—1(}329)
Remark A.2. Note that i = (u)p,, := \Bizl [, wdz gives the minimum value
p P

for |ju — EH%Q(sz).
Proof of Theorem A.1
Let § € C§°(Bs,) such that
C

0<6<1, 9:1ianand\V9|§;.

Let v € H'(Bs,,R?) and observe that
V(6%v) = 6V (0v) + 6V @ v.
By assumption u is a weak solution of
V- (CVu) =5 in By
hence we have
ao(u, ) = — < f,¢ > Vo € H}(Bs,)

where
aop(u, @) = CVu: %qﬁ.
B2p
Let ¢ = 0(u — 1) and let ¢ = 6. We have that
a(,9)= [ CVy:Vy

BQP

- /B OV (u— @) + (1 —7) @ VO) : (0% (u — @) + (u— @) ® V)|

After some straightforward calculations one gets

ao(Y, V) = ao(u, ¢) + C(VO® (u—1)): (VIR (u—1)) =< f,¢>+I
BQP
We have

_ Cs _
1] < C3|VO @ (u—0)||32p,,) < ?Hu —ull72(p,,)
and by Young inequality
| < Fi0 > [ <l o VOl L2(8s,) < VO 2(8,,) + O FflFr-1(5,,)
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So, we get
Cs _
ao (Y, ) = 8V ol[72(p,,) < FH“ — |72,y + O fllFr-1(p,,)

By the strong convexity of C and by Korn inequality applied to the test function
1), we have
ao (¥, ) > ’Y||V1/)||%2(BQP)
which gives
Cs _
p7||u - U||%2(Bz,,) + C(5)||f||%171(32,1) 2 7||V¢H%2(32p) - 5HV¢H%2(32P)

> VeI, — OIVOV)72(p,,)

\%

Hence, since § < 1 and |V0| < %,
Cs _
FHU —al2(p,,) + O -1 (5,
2 2 26 2
2 VIVY[|L2p,,) — 261IVUI|T2(,,) — ?HwHL?(ng)

28 _
> 'YHV"/}H%Q(BZP) - 25||V¢||2L2(32p) - ;HU - UH%%BQP)

Choosing ¢ small enough, using the fact that 6 < 1, that |V8| < % and the definition
of ¢ we finally get

Cy _
IVullZa(s,) = IV¥lZ2s,) < 1VEIT28,,) < ?llu — %25, + CollFE-1(5,,):

O

APPENDIX B. A MEYER’S TYPE RESULT

We state a generalization of Meyer’s theorem concerning the regularity of solutions
to systems with bounded coefficients. For n > 0, define H:277(Q) by

HY1(Q) .= {u € L*™(Q),Vu € L2+"(Q)}

and let H~1277(Q) be its dual. Introduce

H27(Q) = {u € HY*"(K),VK cC Q}

Theorem B.1. There exists n > 0 such that if u € H*(Q) is solution to
vo(cVu) =1 i 9
where C € L*(Q) is a strongly convex tensor and f € H~12T1(Q) then u €

Hll(’)20+n(§2) and giwven B, and Bs, concentric balls contained in S,

2 _
(Bl) HVUHLern(BP) S C(”f”H*l'Z*”(sz) —+ p2+n 1HVU’HL2(BQp))'

Theorem B.1 has been proved by Campanato in [4] in the case of strongly elliptic
systems. From the proof of this result in [4, Chapter II, section 10], it is clear that
the result can be extended to more general systems provided the Caccioppoli type
inequality (Theorem A.1) holds.
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